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A B S T R A C T
In this study, we propose an efficient method for predicting three-dimensional acoustic radiation
from arbitrary structures immersed in a shallow-water waveguide. By incorporating the finite
element method (FEM) and the wave superposition method (WSM), the detailed acoustic
radiation from the vibrating structure in the near field is calculated by numerically evaluating the
source strength integral that represents the Helmholtz exterior problem. Transitioning to the far-
field region, where the structural acoustic radiation is characterized by the source directionality,
an analytical, normal-mode expression for the source-strength integral is derived, representing
the structural acoustic radiation as a sum over propagating eigenmodes, with the modal excitation
determined by the directionality of the acoustic radiation mode. This represents a significant
improvement in numerical efficiency by reducing computational complexity, especially for high-
frequency and long-range predictions. The critical distance distinguishing the near-field and
far-field regions is discussed in detail, determined by the horizontal wavenumber and structure
size. Numerical simulations demonstrate the effectiveness of the proposed method and reveal
the coupling mechanism between the structural acoustic radiation and the underwater acoustic
propagation. The proposed method is adaptable to optimize the passive sonar performance by
achieving the real-time prediction of the structural acoustic radiation in realistic ocean-acoustic
environments.

1. Introduction
Predicting acoustic radiation from vibrating structures is crucial for underwater remote sensing and target detection.

This prediction is a direct tool for evaluating the passive sonar performance and structural health of underwater vehicles
during the design and maintenance stages. Therefore, efficient and accurate methods for calculating the vibro-acoustics
of underwater structures have received considerable attention in recent years. However, when underwater vehicles
operate in shallow seas, where boundary reflections and acoustic refraction may occur, the radiated field is severely
distorted and influenced by waveguide physics, which involves complicated coupling mechanisms between structural
acoustic radiation and underwater acoustic propagation. Therefore, the modeling of structural acoustic radiation in
shallow water typically involves multiphysics disciplines, which complicates the modeling process and increases the
difficulty of achieving fast and accurate solutions.

Historically, both analytical (Li et al., 2014; Guo et al., 2017; Zhao et al., 2020; Kha et al., 2024) and numerical
methods have been developed to calculate the acoustic radiation from an arbitrary radiator submerged in fluids.
Analytical methods generally handle the simplest situations in which regular structures and infinite or semi-infinite
fluids without inhomogeneities are considered. However, numerical methods combine numerical analysis to solve the
vibro-acoustics of the fluid-loaded structure and an exterior solver to calculate the Helmholtz exterior problem and
sound propagation. The finite element method (FEM) is extremely versatile because it is fully customizable in terms of
the material and geometric parameters considered in the simulations. Thus, it is a useful tool for vibro-acoustic analysis
when modeling structural acoustic radiation in fluids. However, restrained by volume discretization, the computational
domain of the FEM typically has several acoustic wavelengths, and the frequency of the simulation lies in the low-
to-middle frequency range (Ochmann, 2004). Alternatively, an appropriate solver for the exterior Helmholtz problem
can be integrated with the FEM to handle far-field radiation by discretizing only the surface of the structure instead
of the entire computational domain. For instance, the Kirchhoff approximation (KA) has proven to be effective for
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calculating far-field radiation from vibrating structures at high frequencies (Freund et al., 1996). In the low-to-middle
frequency region, where the validity of KA is violated, the boundary element method (BEM) has been widely applied
to calculate the radiated field produced by structures submerged in an infinite fluid or ocean waveguide (Brunner
et al., 2010; Jin et al., 2018). The fact that Green’s functions in the dense coefficient matrix automatically satisfy the
Sommerfeld radiation condition makes the BEM suitable for incorporation with the FEM as a coupled solver, where
the vibro-acoustics of the structures are represented by the FEM, and external radiation is handled by the BEM (Wu
and Chen, 2017; Jiang et al., 2018; Wu et al., 2019; Chen et al., 2024). However, the boundary integral is singular and
requires additional treatments to obtain accurate solutions, thus complicating the numerical implementation, especially
when a shallow-water environment is considered.

To overcome the problem of singular integrals and simplify numerical implementations, Koopmann et al. (1989)
proposed the wave superposition method (WSM). The concept of replacing the radiation from the vibrating structure
with the field generated by a group of equivalent sources offset from the structure surface circumvents the issue of
integral singularity and reduces the computational cost by simplifying the numerical implementations. In addition,
nonideal environments such as reverberation rooms and waveguides, can be easily handled by fitting Green’s functions
to the environment. Recently, coupled FEM/WSM solvers have been applied to sound field reconstruction of complex
structures with low-frequency radiation fields in shallow waters (Wang and Guo, 2016; Zhang et al., 2020; Xi et al.,
2023; Huang et al., 2019; He et al., 2023). In addition to the complex geometry of the structure that may affect the
acoustic radiation in shallow water (Wang and Guo, 2016), the influence of seabed parameters (Zhang et al., 2020),
water surface roughness Xi et al. (2023), and sound velocity profiles were preliminarily discussed by Huang et al.
(2019). Acknowledging the applicability of the coupled FEM/WSM for arbitrary structures and complex underwater
environments in the analysis of radiated noise from underwater vehicles over the last decade, we consider it a suitable
candidate for our problem.

In the coupled FEM/WSM solver, the number of operations required to solve the exterior problem is typically
𝑂(𝑀𝑁𝑄), where 𝑀 is the number of equivalent source points, 𝑁 is the computational complexity of the sound-
propagation algorithm, and 𝑄 is the number of field points. Therefore, the computational cost of the coupled
FEM/WSM solver significantly increases with distance, as long-range prediction requires a sufficient number of field
points to achieve high resolution for identifying the detailed interference pattern of the waveguide. In addition, in the
mid-to-high frequency range, the coupled FEM/WSM solver is cumbersome because the sound propagation algorithm
becomes numerically expensive and 𝑀 increases dramatically. The objective of this study is to propose an efficient
and accurate approach for predicting long-range radiation from an arbitrary radiator in shallow water by deriving a
semi-analytical solution. Although preliminary studies have discussed radiation from dipole and quadrupole sources
in waveguides (Williams and Novak, 1974; Haug et al., 1975; Zhang and Zhu, 1987; Kuznetsov and Stepanov,
2017), further research is required to accommodate both the arbitrary radiation directionalities and the stratified
inhomogeneous medium into a compact, semi-analytical solution representing structural radiation in shallow water.

In this paper, we propose a hybrid scheme for predicting the radiation from an arbitrary structure in a stratified
shallow-water waveguide. The near-field prediction is given by combining the FEM vibro-acoustic analysis of the
WSM exterior solver with Green’s function calculated using the normal mode theory. In the far field, instead of
numerically obtaining the source integral involved in the WSM, we derive a semi-analytical solution using the
Fraunhofer approximation, providing a fast and accurate prediction of structural radiation in the ocean within seconds.
The far-field condition under which our proposed semi-analytical solution is valid and discussed in detail. Such a
condition is indeed useful for identifying the transition zone within which the radiated field of the vibrating structure in
shallow water is dominated by the interference between each radiating patch of the source. Once the propagation range
exceeds this zone, the radiated field is characterized by the source directionality and propagation mode. Therefore, the
identification of the transition zone has potential applications in passive sonar detection. The remainder of this paper
is organized as follows. Section 2 describes the coupling theory between structural vibration and acoustic radiation.
Section 3 presents the derivation of the semi-analytical solution for calculating the far-field radiation from a structure
in shallow water, including the calculation of radiation directionality using the coupled FEM/WSM solver, and the
derivation of the normal-mode expression for the waveguide field produced by arbitrary directional sources. In Section
4, the proposed method is validated by comparing it with the benchmark finite element (FE) solution for both the
Pekeris waveguide and a waveguide with a sound speed profile. The critical distance between the near and far fields
of structural radiation in shallow water is discussed. Finally, Section 5 provides conclusions and an outlook for future
work.

Nie et al.: Preprint submitted to Elsevier Page 2 of 21



Fast prediction of structural acoustic radiation

Figure 1: (a) Schematic diagram for calculating the radiated acoustic field. (b) Flowchart of the directional source method
(DSM) for rapid prediction of acoustic radiation.

2. Theoretical FEM-WSM Model in the near-field region
Herein, a hybrid method is proposed to predict sound radiation from an elastic structure in a shallow-water

waveguide. As depicted in Fig. 1, a range-independent waveguide with a stratified medium is considered in this paper.
The acoustic-structure interaction is represented by the FEM with the acoustic-structural boundary established around
the surface of the structure to couple the vibration and acoustics. The acoustic radiation outside the FEM domain,
which is a Helmholtz exterior problem, is solved using the WSM. Unlike previous studies reported in the literature,
the radiated field is divided into near- and far-field regions by a cylindrical surface with a radius of 𝑟 = 𝑟𝑑 . The
cylindrical surface is axisymmetric to the 𝑧axis, with the geometric center of the structure at this axis. The coupled
FEM/WSM solver is implemented in the near-field region. Green’s function in the WSM is calculated using the normal
mode theory to automatically satisfy the boundary conditions at the sea surface and water–sediment interface. In the
far-field region, where the detailed radiation pattern is distorted by the interference between multiple reflections, we
derive an analytical solution for the integral of the equivalent sources with the waveguide Green’s function, instead of
numerically calculating it, as in the coupled FEM/WSM solver.
2.1. FEM for vibro-acoustic coupling analysis

To handle the acoustic–structure interaction, we implemented the FEM by enforcing continuities of pressure and
particle velocity across the structure–fluid interface. Taking the harmonic time dependence ej𝜔t and integrating the
Helmholtz equation with the weights yields the FE discretization for the acoustic wave equation (Marburg and Nolte,
2008),

(𝐊𝑎 + j𝜔𝐂a − 𝜔2𝐌a){𝐩i} = {𝐅a} (1)
where j =

√

−1 and 𝜔 is the angular frequency. Here, 𝐊𝑎,𝐂𝑎, and 𝐌𝑎 denote the mass matrix, damping matrix,
and stiffness matrix for acoustics, respectively; {𝐩𝑖} represents the nodal pressures; and {𝐅𝑎} represents the acoustic
excitation.

For the elastic structure, the FE discretization for the motion vibration equation is given by
(𝐊𝑠 + j𝜔𝐂s − 𝜔2𝐌s){𝐮i} = {𝐅s} (2)

where {𝐮𝑖} are nodal displacements. In this case, 𝐌𝑠,𝐊𝑠, and 𝐂𝑠 are the mass, stiffness, and damping matrices for the
elastic structure system, respectively, and {𝐅𝑠} represents the force loading on the nodes.

Across the interface, where the solid mechanics and pressure acoustics are coupled, the following boundary
condition is enforced:

𝑣𝑎𝑛 = − 1
j𝜔𝜌a

𝜕𝑝𝑖
𝜕𝑛

= 𝑣𝑠𝑛 (3)
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where 𝑣𝑠𝑛 and 𝑣𝑎𝑛 represent the normal velocity over the vibrating structure surface and the loading fluid, respectively.
Incorporating the boundary conditions given by Eq.(3) into Eq.(1) and Eq.(2), one can obtain a set of coupled

equations
([

𝐊𝑠 𝐊𝑐
0 𝐊𝑎

]

+ j𝜔
[

𝐂𝑠 0
0 𝐂𝑎

]

− 𝜔2
[

𝐌𝑠 0
−𝜌0𝐌T

𝑐 𝐌𝑎

])[

𝐮𝑖
𝐩𝑖

]

=
[

𝐟𝑠
𝐟𝑎

]

(4)

where {⋅}T denotes the matrix transpose and 𝐟𝑠 and 𝐟𝑎 represent the coupling force vectors on the structure and the
underwater acoustic field.

In this study, all FEM matrices were assembled using the commercial software COMSOL Multiphysics, where
the ocean waveguide is represented by the pressure acoustics module and the elastic structure is handled by the solid
mechanics module. Solving the above coupled equation gives the wave field near the structure, which can then be used
as an input to the WSM for either predicting the near-field radiation or generating the far-field directionality of each
radiation mode of the structure.
2.2. Wave Superposition Method

The WSM is a numerical simplification of the Helmholtz integral. The key aspect is that the radiation from the
vibrating structure can be replaced by field superposition owing to a set of equivalent sources within the structure. It
is assumed that the number of equivalent sources is 𝑀 .

The acoustic pressure at an arbitrary field point 𝐫 results from integrating the field produced by the equivalent
sources, which can be discretized as follows:

𝑝(𝐫) =
∑

𝑚
𝐺(𝐫|𝐫𝑚)𝑞𝑚(𝐫) (5)

where 𝑞𝑚 denotes the strength of the 𝑚-th source and 𝐺(𝐫|𝐫𝑚) is the Green’s function resulting from the source placed
at 𝐫𝑚. Lee (2017) suggests that the number of equivalent sources should be one-quarter to one-third of the collocation
points to achieve convergent results.

Writing Eq.(5) in the matrix form yields
q = G†p (6)

where p and q are the vectors of sound pressure and source strengths, respectively. {⋅}† denotes the generalized matrix
inverse. By providing the sound pressures calculated using the FEM within 𝑟𝑑 , the strengths of the equivalent source
can be obtained through Eq.(6). The Helmholtz exterior problem can then be solved by forward propagating the field
generated by the equivalent sources using Eq.(5).

One of the purposes of this study is to reveal the coupling mechanism between structural acoustic radiation
and underwater sound propagation, and to transform the solution for source strengths into acoustic radiation modes
(Borgiotti, 1990). These modes are determined by the structure’s geometry, frequency, and external fluid loading, and
are independent of the material properties and the type of excitation.

Based on the WSM, one can obtain the radiation matrix 𝐑

𝐑 =
𝑘2𝜌0𝑐0
8𝜋

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 sin(𝑘𝑟12)
𝑘𝑟12

... sin(𝑘𝑟1𝑁′ )
𝑘𝑟1𝑁′

sin(𝑘𝑟21)
𝑘𝑟21

1 ... sin(𝑘𝑟2𝑁′ )
𝑘𝑟2𝑁′

... ... ... ...
sin(𝑘𝑟𝑁′1)
𝑘𝑟𝑁′1

sin(𝑘𝑟𝑁′2)
𝑘𝑟𝑁′2

... 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

(7)

where 𝑟 represents the distance between each pair of equivalent sources and 𝑁 ′ denotes the total order of radiation
modes. It is evident that 𝐑 is both real and symmetric, and given that the radiated sound power is always positive, 𝐑
must be positive definite.

Using eigenvalue decomposition, R can be expressed as:
R = UH𝐒U (8)

Nie et al.: Preprint submitted to Elsevier Page 4 of 21



Fast prediction of structural acoustic radiation

Figure 2: (a) The far-field approximation diagram of the structural model. (b) Schematic of a bare hull model under point
force excitation, completely submerged in a shallow-water waveguide. 𝜌, 𝑐(𝑧) represent the water density and sound speed,
respectively, while 𝜌𝑏, 𝑐𝑏(𝑧) and 𝛼 denote seabed density, speed, and attenuation, respectively. The parameters ℎ, 𝐻 , 𝐷
correspond to the water depth, seabed depth, and perfectly matched layer (PML) cut-off depth, respectively.

where 𝐒 is a real diagonal matrix with diagonal elements 𝑠𝑖 representing the eigenvalues in descending order and {⋅}H
denotes the conjugate transposition. The column vector u𝑖 of 𝐔 corresponds to the eigenvector associated with the 𝑖-th
acoustic radiation mode. Because 𝑠𝑖 are sorted in descending order, the higher the order of the radiation modes, the
lower their radiation efficiencies.

By representing the source strength in terms of acoustic radiation modes, one can obtain
q =

∑

𝑖
𝜆𝑖u𝑖 (9)

where 𝜆𝑖 is the expansion coefficient of the 𝑖th radiation mode. Once the 𝜆𝑖 of the sound radiation mode is obtained,
the sound pressure and particle velocity at any point in the sound field can be reconstructed.

3. Fast prediction of long-range radiation
Although the WSM offers a solution that covers both near-field and far-field radiation, its efficiency depends on the

number of equivalent sources and the field points to be predicted, and suffers from a dramatic decline when considering
long-range prediction at mid to high frequencies, especially in shallow water. To solve this problem, the following
analysis is performed to derive an analytical solution for the waveguide field produced by a structural source in the
far-field region. This begins with a general derivation of the free-field situation, which is then extended to the waveguide
scenario.
3.1. Free field

Acoustic radiation from a vibrating structure can be considered as the summation of the fields due to different order
acoustic radiation modes.

𝑝(r′) = ∫𝑆
𝐪(r′)𝐺(r; r′)dr′ =

∑

𝑖
𝜆𝑖 ∫S

u𝑖(r′)G(r; r′)dr′ (10)

where 𝐺(r; r′) is the free-field Green’s function expressed as follows:

𝐺(r; r′) = e−jk|r′−r|

|r′ − r|
(11)

where r′ = (𝑥′, 𝑦′, 𝑧′) and r = (𝑥, 𝑦, 𝑧) represent the positions of the source and field points, respectively.
Next, when 𝑅0 > 𝑘|r′ − r0|2∕2𝜋, 𝑅0 = |r0 − r| indicates the distance between the acoustic center of the structure

and the field point, and we introduce the Fraunhofer approximation to 𝑘|r′ − r| in the far field (Goodman, 2005) :
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𝑘|r′ − r| ≅ 𝑘|r0 − r| + 𝑘
|r′ − r0|2

2|r − r0|
− 𝑘(𝛼 cos 𝜃 sin𝜙 + 𝛽 cos 𝜃 cos𝜙 + 𝛾 sin𝜙) (12)

where (𝜃, 𝜙) is the far-field observation angle; 𝜃 and 𝜙 represent the azimuth and elevation angles, respectively; and
r0 = (𝑥0, 𝑦0, 𝑧0) represents the acoustic center of the structure. See Fig. 2(a) for details.

In general, the second-order term in the phase factor can be ignored because 𝑘𝐿2
𝑎∕(2|r − r0|) < 𝜋 where 𝐿𝑎 is the

maximum size of the structure. This yields
𝑘|r′ − r| ≈ 𝑘|r0 − r| − 𝑘(𝛼 cos 𝜃 sin𝜙 + 𝛽 cos 𝜃 cos𝜙 + 𝛾 sin𝜙) (13)

where the local coordinates of the equivalent source are given by

⎧

⎪

⎨

⎪

⎩

𝛼 = 𝑥′ − 𝑥0,
𝛽 = 𝑦′ − 𝑦0,
𝛾 = 𝑧′ − 𝑧0,

(14)

The far-field expression for the structural acoustic radiation in the free space can then be obtained by substituting
the Eq.(11) to Eq.(14) back into Eq.(10), the integral form in Eq.(10) can be simplified into the product of point source
Green’s function and the directionality of the radiation source (Zhang, 1964),

𝑝𝑓 (𝑥, 𝑦, 𝑧;𝜔) =
e−j𝑘|r0−r|

|r0 − r|
𝐷(𝜃, 𝜙;𝜔) = e−j𝑘|r0−r|

|r0 − r|
∑

𝜆𝑖𝐷𝑖(𝜃, 𝜙;𝜔) (15)

where 𝐷(𝜃, 𝜙;𝜔) denotes the directionality of the structure and 𝐷𝑖(𝜃, 𝜙;𝜔) denotes the directionality of the 𝑖-th
radiation mode of the structure, expressed as

𝐷𝑖(𝜃, 𝜙;𝜔) = ∫𝑆
u𝑖(𝑥0 + 𝛼, 𝑦0 + 𝛽, 𝑧0 + 𝛾) × 𝑒−jk(𝛼cos𝜃sin𝜙+𝛽cos𝜃cos𝜙+𝛾sin𝜙)d𝛼d𝛽d𝛾 (16)

The derivation above indicates that the range and angle are variably separable in the form of far-field radiation. The
directional factor 𝐷𝑖(𝜃, 𝜙;𝜔) determines the spatial distribution of radiation. The term monopole essentially indicates
that far-field radiation exhibits spherical spreading. Nevertheless, in the near-field region where |r− r0| is comparable
to 𝐿𝑎, the second-order term in Eq.(12) cannot be ignored, so the contribution of |r′ − r0| must be considered in the
integration in Eq.(16). Therefore, in the near field, the range and angle are coupled, indicating that the radiation does
not follow any simple laws and may exhibit interference patterns.
3.2. Waveguide field

We now consider the radiated field generated by the same structure in a shallow-water waveguide. As shown in
Fig.2(b), the water sound speed 𝑐 and seabed sound speed 𝑐𝑏 vary with depth. Analogous to Eq.(10), a similar expression
for the radiated field can be obtained by replacing the free-field Green’s function with the waveguide Green’s function.
In this study, we employ the normal mode theory to describe the waveguide Green’s function.

Based on the normal-mode model, the waveguide Green’s function is given by(Jensen et al., 1995),

𝐺(𝑟, 𝑧) = 𝐶
∞
∑

0
Φ𝑛(𝑧)Φ𝑛(𝑧′)

𝑒j𝑘𝑟𝑛𝑟
√

𝑘𝑟𝑛𝑟
(17)

where the coefficient𝐶 = je−j𝜋∕4∕(4𝜌(𝑧′)
√

8𝜋),𝐻 (1)
0 (⋅) represents the first kind Hankel function of zero-order,Φ𝑛(𝑧) is

the mode shape function, and 𝑘𝑟𝑛 is the horizontal wavenumber. The Sturm–Liouville eigenproblem associated with 𝑘𝑟𝑛needs to be solved. When the depth-dependent sound speed is considered, numerical approaches are required to solve
the eigenproblem. Unlike root finder algorithms, which have been widely applied in solving eigenproblems (Porter,
1992), the multimodal method (Bi et al., 2007; Liu and Li, 2021; He et al., 2021, 2024), also called the modal projection
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method, is used here because it accurately addresses the contribution of branch cuts to near-field propagation, which
most existing normal-mode methods cannot. This is a key aspect of our approach, because near-field radiation needs
to be considered when analyzing the critical range within which the far-field formulation derived here is invalid.

Substituting Eq. (17) back into Eq. (10), the solution for structural acoustic radiation in shallow water can be
obtained as follows:

𝑝𝑤(𝑥, 𝑦, 𝑧) = 𝐶
∞
∑

𝑛=0
Φ𝑛(𝑧)

∑

𝑖
𝜆𝑖 ∫𝑆

u𝑖(𝑥′, 𝑦′, 𝑧′)Φ𝑛(𝑧′)
𝑒j𝑘𝑟𝑛𝑅′

√

𝑘𝑟𝑛𝑅′
d𝑥′d𝑦′d𝑧′ (18)

where 𝑅′ =
√

(𝑥 − 𝑥′)2 − (𝑦 − 𝑦′)2 represents the horizontal distance between the equivalent source and field point.
Note that, unlike in free space, the frequency in the waveguide of radiation acoustic propagation should be higher
than the waveguide cutoff frequency 𝑓𝑐 to ensure that sound propagates over long distances. Typically, for a Pekeris
waveguide, the cutoff frequency is given by 𝑓𝑐 = 𝑐𝑐𝑏∕(4ℎ

√

𝑐2𝑏 − 𝑐2), where 𝑐 and 𝑐𝑏 are the sound speeds in water
and sediment, respectively, and ℎ is the water depth (Jensen et al., 1995). Otherwise, sound waves can propagate only
through the sediment and rapidly attenuate, making long-range propagation predictions meaningless.

Direct discretization of the above equation yields the formulation of the WSM solution for structural acoustic
radiation in shallow water:

𝑝𝑤(𝑥, 𝑦, 𝑧) = 𝐶
∑

𝑖
𝜆𝑖

∞
∑

𝑛=0
Φ𝑛(𝑧)

∑

𝑚
u𝑖(𝑥′𝑚, 𝑦

′
𝑚, 𝑧

′
𝑚)Φ𝑛(𝑧′𝑚)

𝑒j𝑘𝑟𝑛𝑅′
𝑚

√

𝑘𝑟𝑛𝑅′
𝑚

d𝑥′d𝑦′d𝑧′ (19)

where the subscript 𝑚 indicates the 𝑚− th equivalent source. The above formulation was used in this study to couple
the FEM for predicting the near-field radiation in shallow water.

Here, we assume that 𝑘𝑟𝑛𝐿2
𝑎∕𝑅0 < 1, introducing the Fraunhofer approximation in the horizontal plane and

ignoring the second-order term yields
𝑘𝑟𝑛|r′ − r| ≅ 𝑘𝑟𝑛|r0 − r| − 𝑘𝑟𝑛(𝛼 cos 𝜃 + 𝛽 sin 𝜃)

= 𝑘𝑟𝑛|r0 − r| − 𝑘(𝛼 cos 𝜃 cos𝜙𝑛 + 𝛽 sin 𝜃 cos𝜙𝑛)
(20)

where 𝜙𝑛 = tan−1(𝑘𝑧𝑛∕𝑘𝑟𝑛) denotes the grazing angle of the plane wave of the 𝑛-th order.
Using this approximation to simplify the integral 𝐴𝑛, we obtain

𝑝𝑤(𝑟, 𝑧) = 𝐶
∑

𝑖
𝜆𝑖

∞
∑

𝑛=0

𝐴𝑛
√

𝑘𝑟𝑛
Φ𝑛(𝑧)

e−j𝑘𝑟𝑛𝑅0
√

𝑅0
(21)

𝐴𝑛 = ∫𝑆
u𝑖(𝑥0 + 𝛼, 𝑦0 + 𝛽, 𝑧0 + 𝛾)Φ𝑛(𝑧′)ejk(𝛼 cos 𝜃 cos𝜙n+𝛽 sin 𝜃 cos𝜙n)d𝛼d𝛽d𝛾 (22)

Next, we assume that the depth derivative of the sound velocity at depth, where the source is imposed, is negligible.
Specifically, when |d(𝑧)𝐿3

𝑧| ≪ 1 is satisfied (where 𝐿𝑧 is the dimension of the structure in the vertical direction, and
d(𝑧) = d(𝑘(𝑧)2)∕d𝑧 represents the quadratic derivative of the vertical wavenumber), the depth derivative of the mode
function is approximately zero.

Under this assumption, we perform a Taylor series expansion of Φ𝑛(𝑧′) at depth 𝑧0 and reduce the order of the
expanded series terms by sorting them into even and odd orders:

𝑊𝑛 = 𝑊𝑛,𝑜𝑑𝑑 +𝑊𝑛,𝑒𝑣𝑒𝑛

=
∑

𝑏=0

1
(2𝑏 + 1)!

d2𝑏+1Φ𝑛(𝑧)
d𝑧2𝑏+1

|

|

|𝑧=𝑧0
𝛾2𝑏+1 +

∑

𝑏=0

1
(2𝑏)!

d2𝑏Φ𝑛(𝑧)
d𝑧2𝑏

|

|

|𝑧=𝑧0
𝛾2𝑏,

=
dΦ𝑛(𝑧)
d𝑧

|

|

|𝑧=𝑧0

sin(𝑘𝑧𝑛𝛾)
𝑘𝑧𝑛

+ Φ𝑛(𝑧0) cos(𝑘𝑧𝑛𝛾).

(23)

where 𝑘𝑧𝑛 denotes the 𝑛-th vertical wavenumber. The reduced order of the expanded series is obtained using the
eigenequation [d2∕d𝑧2 + (𝑘2 − 𝑘2𝑟𝑛)]Φ𝑛 = 0. By substituting the above equation into Eq. (22), we obtain:
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𝐴𝑛 = ∫𝑆
𝐮𝑖(𝑥0 + 𝛼, 𝑦0 + 𝛽, 𝑧0 + 𝛾)

[

dΦ𝑛(𝑧)
d𝑧

|

|

|𝑧=𝑧0

sin(𝑘𝑧𝑛𝛾)
𝑘𝑧𝑛

+ Φ𝑛(𝑧0) cos(𝑘𝑧𝑛𝛾)
]

ejk(𝛼 cos 𝜃 cos𝜙n+𝛽 sin 𝜃 cos𝜙n)
√

𝑘𝑟𝑛𝑅
d𝛼d𝛽d𝛾,

(24)
By applying the Euler equation to convert the sine and cosine terms in the above equation into exponential functions

and then using the relation 𝑘𝑧𝑛 = 𝑘 sin𝜙𝑛, the integral appearing in𝐴𝑛 can be replaced with a function of directionalities
𝐷𝑖(𝜃, 𝜙) as described in Eq.(16). This yields

𝐴𝑛 = 𝐴𝑛,𝑜𝑑𝑑 + 𝐴𝑛,𝑒𝑣𝑒𝑛

=
−j
2
dΦ𝑛(𝑧)
d𝑧

|

|

|

|𝑧=𝑧0

1
𝑘𝑧𝑛

[𝐷𝑖(𝜃, 𝜙𝑛) −𝐷𝑖(𝜃,−𝜙𝑛)] +
1
2
Φ𝑛(𝑧0)[𝐷𝑖(𝜃, 𝜙𝑛) +𝐷𝑖(𝜃,−𝜙𝑛)]

(25)

The analytical solution for the structural acoustic radiation in shallow water is given by Eq.(21). The derived
solution suggests that after obtaining the directionality of each radiation order using the coupled FEM/WSM solver,
as described in Section 2 and Section 3.1, the far-field acoustic radiation in shallow water can be rapidly predicted by
simply running a normal-mode code only once.

It is noteworthy that Eq. (21) directly reveals the coupling between acoustic radiation modes and propagation
modes, suggesting that each radiation mode acts as a modal filter potentially exciting specific normal modes by the
weighting function 𝐷𝑖(𝜃, 𝜙), which varies with the order of the radiation mode. In addition, this analytical solution
can be applied to horizontally stratified ocean environments with arbitrary sound speed profiles (SSPs). We refer to
this as the directional source method (DSM), which is used to approximate the far-field radiation field. The algorithm
flowchart we proposed is shown in Fig. 1(b).

Next, we consider the special case in which the acoustic radiation mode is symmetric with respect to the 𝑧 = 0
plane, which implies that 𝐷𝑖(𝜃,−𝜙) = 𝐷𝑖(𝜃, 𝜙). Then

𝐴𝑜,𝑜𝑑𝑑 = 0, 𝐴𝑛,𝑒𝑣𝑒𝑛 = Φ𝑛(𝑧0)𝐷𝑖(𝜃, 𝜙𝑛). (26)
Eq.(22) then becomes

𝑝𝑤(𝑟, 𝑧) = 𝐶
∑

𝑖
𝜆𝑖

𝑁
∑

𝑛=0
𝐷𝑖(𝜃, 𝜙𝑛)Φ𝑛(𝑧0)Φ𝑛(𝑧)

e−j𝑘𝑟𝑛𝑅0
√

𝑘𝑟𝑛𝑅0
(27)

The radiated sound pressure level (SPL) is defined as
SPL = 20log10

𝑝
𝑝0

(28)

where 𝑝0 is the reference sound pressure for an underwater acoustic environment (equal to 1 𝜇Pa).
3.3. The critical range distinguishing the near to far field of structural radiation in shallow water

In the Fraunhofer approximation, by ignoring near-field effects, the far-field radiation is reduced to the point-source
field multiplied by the directionality function. In other words, the characteristics of the near-field radiation are absent
in the analytical solution derived above. Therefore, it is essential to determine the critical range beyond which the
proposed analytical solution is invalid.

Indeed, we can obtain the critical distance expressed by 𝑟𝑑 , based on the far field condition 𝑟 > 𝑟𝑑 , for which the
Fraunhofer approximation is valid. This implies that 𝑘0𝐿2

𝑎∕(2|r− r0|) < 𝜋, which indicates that the second-order term
in Eq.(12) can be ignored. Generally, the effective area that emits radiation is smaller than the overall surface of the
radiator. The condition 𝑟 > 𝐿𝑎 indicates that the critical distance should be greater than at least one length of the
structure. Therefore, the far-field condition can be further extended to

𝑟 > 𝐿2
𝑎𝑘0∕2𝜋, 𝑟 > 𝐿𝑎 (29)
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When considering the shallow water scenario, the far-field condition becomes horizontal wavenumber dependent,
and the frequency of the acoustic field should be greater than the cutoff frequency 𝑓𝑐 of the waveguide to ensure
far-field propagation of the radiated sound source, which gives

𝑟 > 𝐿2
𝑎𝑘𝑟𝑛∕2𝜋, 𝑟 > 𝐿𝑎 (30)

Note that 𝑟𝑑 now depends on the number of normal modes since different normal modes travel at different modal
phase speeds in the waveguide. Eq.(30) can be rewritten as 𝑟 > 𝐿2

𝑎𝑓∕𝑐𝑝𝑛, where 𝑐𝑝𝑛 represents the phase speed of the
𝑛th normal mode. Since 𝑐𝑝𝑛 is always less than 𝑐0, the condition 𝑘𝑟𝑛𝐿2

𝑎∕(2|r − r0|) < 𝜋 is satisfied if Eq.(29) holds.
Furthermore, as the 𝑘𝑟𝑛 can be further simplify in ideal waveguide, Eq.(30) changes to ,

𝑟 > 𝐿2
𝑎

√

𝑘20 − 𝜋2∕ℎ2∕2𝜋, 𝑟 > 𝐿𝑎 (31)
This equation highlights the relationship between the critical distance, sea depth, and frequency. The detailed discussion
on the influence of the environment parameter and mode number on the critical range is presented in Section 4.4.

4. Numerical Results
The vibrating shell model with point-force excitation was first performed using the FEM to verify the accuracy of

the proposed method for predicting structural acoustic radiation in a Pekeris waveguide. Next, near-field calculations
using the conventional coupled FEM/WSM scheme and far-field results provided by the proposed analytical solution
were compared in detail, with the critical distance distinguishing them discussed for various parameters, including
frequency, radiator size, and water depth. Additionally, the coupling mechanism between the structural acoustic
radiation and underwater sound propagation was revealed by presenting a frequency-range spectrum analysis using
the proposed method.
4.1. Verification of Sound Field Radiated based on spherical shell in Pekeris waveguide

The proposed method was validated by comparison with a two-dimensional (2D) axisymmetric finite element
method (FEM) of a vibrating spherical shell in a Pekeris waveguide. This serves as a benchmark FE model for testing.
A simple and common scenario assuming an isovelocity water column under a flat sea surface is considered (Kha et al.,
2023; Huang et al., 2019; Qian et al., 2022). A corresponding 2-D finite element model, shown in Fig.3, is created using
the commercial software COMSOL Multiphysics (v6.1) and used to generate appropriate results for model verification
of the analytical procedure.

The elastic shell and surrounding fluid domain were modeled using pressure acoustics and solid mechanics modules
in 2D axisymmetry, respectively. Perfectly matched layers (PMLs) were used to truncate the finite fluid domain and
absorb reflections from the outer boundaries. The thickness of the PML layer is three times of the wavelength. The
fluid domain is discretized using tetrahedrons with a minimum mesh size of 𝜆∕7. The mesh density in the blue area
near the shell is increased threefold. At the surface of the shell, water–seabed interface, and fluid–solid interface, where
significant and complex coupling may occur, the meshing density was increased tenfold (Isakson and Chotiros, 2011).
The FEM meshing model for water, structure, seabed, and PML implemented in the COMSOL software is shown in
Fig.3.

The water depth ℎ of the Pekeris waveguide is 100m. The seabed depth 𝐻 is 200m. The density and sound speed
of the water are 𝜌 = 1000 kg∕m3 and 𝑐 = 1500 m/s, respectively. The seafloor has a density of 𝜌𝑏 = 2000 kg∕m3 and a
sound speed of 𝑐𝑏 = 1800 m/s with an attenuation 𝛼 of 0.4 dB∕𝜆. The spherical shell was placed at a source depth of 50
m, excited by a vertical downward point force𝐹𝑠 = 100N at the top of the shell( the location is (𝑥 = 0, 𝑦 = 0, 𝑧 = 40𝑚)).
The radius is 10 m, and the thickness is 20 mm, the material used is steel (type = AISI 4340). The density, Young’s
modulus, and Poisson’s ratio of the shell are 𝜌𝑠 = 7850 kg∕m3, 𝐸𝑠 = 2 × 1011 Pa, and 𝜐𝑠 = 0.33, respectively. The
simulation parameters for the environment and the shell model are summarized in the Fig.3.

The proposed method is verified by comparing the results with those from an FEM simulation using COMSOL.
Fig.4 extracts the radiated field predicted by different approaches along 𝑧 = 50m when the excitation frequency is 50Hz
and 100Hz, respectively. The proposed analytical solution approaches the results obtained by the other two methods,
within 0.1 dB difference observed at long ranges. However, the near-field prediction by the analytical solution exhibited
an obvious disparity compared to the other two, which was caused by the far-field approximation used to derive the
analytical solution. A detailed discussion of this near- to far-field transition behavior is presented in the next section.
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Figure 3: The schematic diagram shows an elastic spherical shell in shallow water with a 2D FEM mesh under the
axisymmetric condition using the commercial software COMSOL, along with the corresponding simulation parameters.

(a) (b)

Figure 4: The SPLs in a benchmark model are calculated using the different methods at depth 𝑧 = 50m in (a) and (b),
corresponding to 50Hz and 100Hz, respectively. The gray solid line, the blue dotted line, and red dashed line represent the
FEM, FEM/WSM, and DSM, respectively.

4.2. Discussion of the characteristics of the radiated field produced by a simplified model for an
underwater vehicle in shallow water

4.2.1. Near-field and far-field radiation
First, we analyze the acoustic radiation from the vibrating shell of an underwater vehicle in short ranges using the

FEM/WSM. The shell is a simplified submarine model with a hemispherical front end, a cylindrical middle section,
and a conical rear end. As shown in Fig.5(a), the total length of model is 70 m, the height of the conical platform is
10 m, and the upper radius of the conical platform is 2m. In this case, we simulated a deeper ocean at a water depth of
ℎ=200 m. The other parameters of the underwater environment were identical to those used in the previous benchmark
case. The shell was placed at 𝑧𝑠=100 m. A harmonic point force was applied at the upper central position of the shell
with an amplitude of 100 N and an excitation frequency of 100 Hz. A schematic of the geometric configuration and
the meshing scheme implemented in the FE model is shown in Fig.5(a)∼(b).

Fig.6 presents a comparison of the near-field radiation in the free field and the shallow water in the 𝑦 = 0 m and
𝑧 = 100m planes, respectively. It is evident that the radiated field generated by the vibrating shell exhibits an observable
spatial distribution characterized by the radiation mode excited by the point-force on the central hull. Therefore, the
horizontal radiation is symmetric with respect to the 𝑦=0 m plane. Because the excitation force is vertical, most of
the energy is radiated toward the directions with large grazing angles relative to the horizontal in the free field. This
creates shadow zones ahead of and behind the shell in the 𝑦=0 m plane, over which the radiated noise can barely
be heard. In fact, the constructive and destructive patterns in free-field radiation result from the interference between
the emissions from each radiating patch of the shell. However, in shallow water, boundary reflection causes energy
traveling with large grazing angles, which is rapidly attenuated in short ranges. Conversely, the energy deflected by
small grazing angles relative to the horizontal can propagate within the waveguide to long ranges, creating a denser
interference pattern that compensates for the shadow zones observed in the free-field case. This dense interference
pattern was caused by the coherent interactions between the different propagation modes of the waveguide rather than
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Figure 5: (a) Details of the naked hull model and the mesh in COMSOL. (b) 3D pressure distribution of the capsule’s
wrapping surface in free space and the locations of the equivalent sources.

the radiation modes of the vibrating hull. This indicates that the coupling mechanism between the structural acoustic
radiation and underwater sound propagation is complicated, potentially involving energy transfer from the radiation
mode to the propagation mode according to the grazing angle of the acoustic wave. This is discussed in detail in Section
4.2.3.

(a) (b)

(c) (d)

Figure 6: Near-field SPLs in the 𝑟 − 𝑧 and 𝑥 − 𝑦 spaces. (a) and (b) show results in free space, while (c) and (d) present
results in the Pekeris waveguide. The white line in (c) indicates the location of the seabed.The acoustic field frequency is
100Hz.

Next, we compared the long-range calculations predicted by the FEM/WSM and the proposed analytical solution at
different frequencies, as shown in Fig.7. There is good consistency between the two solutions are observed, indicating
that the proposed analytical solution can accurately describe the intricate coupling between the radiation modes and
propagation modes. A detailed observation of these results suggests that the long-range structural acoustic radiation in
shallow water only exhibits an interference pattern due to phasing in range, which causes the propagating modes to sum
constructively or destructively. The characteristics of the radiation from the hull vanish rapidly as the range increases,
which coincides with the leaky energy observed in Fig.6. This confirms that only the energy traveling at small grazing
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(a) (b)

(c) (d)

Figure 7: Far field SPLs in the Pekeris waveguide, shown in the 𝑟− 𝑧 space. The upper row presents results at 50 Hz, and
the lower row at 100 Hz. (a) and (c) display results from FEM/WSM, while (b) and (d) show results from DSM.

angles can couple with the propagating modes. This indicates that the structural acoustic radiation in shallow water acts
as a directional point source and selectively excites certain propagating modes with specific weights. These weights
can be accurately described by Eq.(21), which is determined by the far-field directionality of the radiation mode.

We then analyzed the relative error distribution between the two solutions in the horizontal plane. The relative
error is defined as ΔSPL = SPLWSM −SPLDSM, where SPLWSM and SPLDSM represent the SPLs calculated using the
coupled FEM/WSM solver and the proposed analytical solution, respectively.

Fig.8 shows the relative error at 50Hz and 100Hz, respectively. In the free-field case, the errors are significant in
the region where the trough of the radiated field (coinciding with the minimum of the source directionality shown in
Fig.8(a)) occurs. This can be interpreted by the fact that this trough, when discussed in relation to the shadow zone
observed in Fig.6, is caused by the interference between different radiating patches, a mechanism that is absent when
representing the field solely by a directional point source. Therefore, one can indeed observe that the errors in the
shallow-water case exhibit a similar increase associated with the troughs of the radiated field, which does not reflect
any underlying issue associated with the derived analytical solution. Moreover, owing to the presence of boundary
reflections, additional troughs were created by the interference between different propagating modes, resulting in an
increase in the regions where the errors were significant.
4.2.2. Shallow water with sound speed profiles

Based on the derivation of the proposed analytical solution, we assume that the depth derivative of the vertical
wavenumber at the source depth is negligible to achieve an order reduction for the Taylor series of eigenfunctions.
This means that the SSP in shallow water should vary smoothly with depth. However, we assert that this assumption is
reasonable under most circumstances because realistic SSPs can easily satisfy the condition for which the assumption
is valid. The proposed analytical solution was verified using a shallow waveguide with SSPs. As shown in Fig.9, two
typical SSPs were considered, that is, the negative SSP, 𝑐(𝑧) = 𝑐1−𝑔𝑧, and the tanh SSP, 𝑐(𝑧) = 𝑐2−𝑑tanh(𝑧 − 𝑧0∕𝜎),where 𝑐1= 1525 m/s, 𝑔 = 0.25 s−1, 𝑐2= 1800 m/s, 𝑑 = 30 s−1, 𝑧0=100 m, and 𝜎 = 10.

Excellent agreement with the solution predicted by the coupled FEM/WSM solver is shown in Fig.9(c), where
the SPL is plotted as a function of range at a receiver depth of 100 m. This demonstrates that the proposed analytical
solution is accurate, even when the sound speed gradient at the source depth is significant. This proves that the proposed
analytical solution works well for shallow water with smoothly varying SSPs, which closely represents the most realistic
situations. In addition, in the presence of different SSPs, the interference patterns in the SPLs shift and change, which is
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Figure 8: Calculation errors of the radiated acoustic field in 𝑥 − 𝑦 space with azimuth distribution between FEM/WSM
and DSM. The upper row shows results at 50 Hz, and the lower row at 100 Hz. (a) and (d) present the directionalities
𝐷(𝜃, 0◦), (b) and (e) show the error distributions in free space, and (c) and (f) show the error distribution in the Pekeris
waveguide.

Figure 9: (a) and (b) show the SSPs for the negative and tanh waveguides, respectively. The gray rectangular area indicates
the depth range occupied by the submerged structure. (c) shows the SPLs at frequency 𝑓 = 100 Hz and depth 𝑧𝑠 = 100
m. The blue solid line and dashed line represent the SPLs of the FEM/WSM and DSM in the negative SSP, respectively,
whereas the red solid line and dashed line represent the corresponding results in the tanh SSP.

caused by the effect of refraction, alerting the arrival path and delay. The above results confirm that the distribution of
structural acoustic radiation in shallow water is sensitive to SSPs, and that the proposed analytical solution can handle
situations in which the sound speed of water varies with depth.
4.2.3. Coupling mechanism between the radiation modes and the propagation modes

In this section, we analyze the coupling mechanism between the radiation modes and the propagation modes by
simulating the broadband acoustic field produced by the same shell structure used in the previous simulation.

The parameters simulated in this case are the same as in Section 4.2.2. The receiver is deployed at an azimuth
angle of 𝜃 = 0 ◦ with respect to the 𝑦 axis, along which the axis of the shell is placed, and the receiver depth is 𝑧=100
m. The frequency-range interference structure of the radiated sound field in the LOFAR spectrum was simulated by
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repeatedly running the proposed model over different frequencies, with the near-field and far-field results computed
by the coupled FEM/WSM solver and the analytical solution, respectively. Note that only mechanical radiation noise
is considered here. The corresponding results are shown in Fig.10, where the white dashed line marked by 𝐿2

𝑎∕𝜆distinguishes the critical distance between the near-field and far-field radiation. The transition behavior between the
near-field and far-field radiation varies smoothly, although the results are given by two solvers depending on the ranges.
This confirms the effectiveness of the proposed model.

Fig.10 exhibits two types of interference patterns in the frequency-range domain. We hypothesize that the oblique
fringes result from constructive and destructive interference between the propagation modes of the ocean waveguide,
the slopes of which are determined by the waveguide invariants 𝛽 (Chuprov and Brekhovskikh, 1982). 𝛽 is invariant
with respect to the frequency-to-range ratio, which is supposed to exhibit a constant slope in the frequency-range
domain. Here, we annotate 𝛽(1,2), 𝛽(1,3), and 𝛽(2,3) on the frequency-range spectrum, where the subscripts indicate the
numbers of the modes causing the interference. The fact that the annotated 𝛽 coincides with the slope interference
pattern validates our hypothesis.

The stronger horizontal interference fringes are, on the other hand, determined by the characteristics of the structural
acoustic radiation, that is,𝐷(𝜃, 𝜙;𝜔). The directional function𝐷(𝜃, 𝜙;𝜔) at 𝜃 = 0 ◦ is shown in the right panel of Fig.10
as a function of frequency. The grazing angle 𝜙 = 0 ◦ was chosen because low-order modes that tend to contribute
to long-range propagation interact with the radiated energies traveling at small grazing angles, based on the analytical
expression given in Eq.(21). Evident peaks in 𝐷(𝜃, 𝜙;𝜔) coincide with the significant horizontal fringes presented in
the frequency-range spectrum, suggesting that they are featured by the radiator rather than the waveguide.

The far-field normalized directionality of the first eight acoustic radiation modes |𝐷norm
𝑖 (𝜃, 𝜙)| (𝑖 = 1, ..., 8) at

81Hz, where one of the obvious peaks is observed in the frequency spectrum of 𝐷(𝜃, 𝜙), is shown in Fig.11. Here, the
normalized directionality is defined as 𝐷norm

𝑖 (𝜃, 𝜙) = 𝐷𝑖(𝜃, 𝜙)∕𝐷max(𝜃, 𝜙), where the denominator is the maximum
value among all modes. It can be observed that the first and fourth modes are circumferential modes, whose radiated
energy is concentrated along the cylindrical axis. This means that most of their energy radiates towards the horizontal
and can be coupled with the low-order normal modes of the waveguide to travel for long distances. Since these two
modes are excited with relatively larger modal amplitudes compared to others, the radiated energy tends to be trapped
within the waveguide by coupling with the low-order normal modes, resulting in the evident peaks observed in the
frequency spectrum of 𝐷(𝜃, 𝜙;𝜔).

Assuming 𝜃 = 𝜙 = 0 ◦ simplifies Eq.(32) to

𝐷(0◦, 0◦;𝜔) =
∑

𝑖
𝜆𝑖 ∫𝑆

u𝑖(𝑦0 + 𝛽) × e−j𝑘𝛽d𝛽 (32)

It is now evident that when considering the radiated energy that can be coupled with low-order normal modes at
small grazing angles (𝜙 ≈ 0 ◦), the circumferential modes play a dominant role in the surface integral in Eq.(32).
Consequently, the circumferential modes of acoustics radiation can couple with low-order normal modes of the
waveguide, tending to travel to long distances. This indicates that the far-field radiation from a vibrating structure
in shallow water may be simplified to the waveguide field produced by a multi-pole point source. To illustrate this, the
strongest circumferential modes resulting in 𝐷(0 ◦, 0 ◦;𝜔) are displayed at 27 Hz, 39 Hz, 68 Hz, 81 Hz, 99 Hz, 107 Hz,
121 Hz, and 145 Hz (where peaks occur) on the right side of Fig.10.
4.3. Computational complexity

In this section, the computational efficiency of the proposed analytical solution is discussed by comparing it with
the coupled FEM/WSM solver. Assuming the same number of field points to be predicted, the operation number of
the FEM/WSM method is 𝑂(𝑀𝑁), where 𝑀 and 𝑁 represent the numbers of equivalent sources and normal modes,
respectively. For the proposed analytical solution, which only involves a one-time computation of the summation of
normal modes, the computational complexity is only 𝑂(𝑁). In WSM, 𝑀 is approximately of 𝑂(𝑘20𝑆𝑎), where 𝑘0 is
the reference wavenumber and 𝑆𝑎 is the surface area (Lee et al., 2011). Considering an ideal waveguide with a rigid
bottom and isovelocity water, the number of normal modes 𝑁 is ℎ𝜔∕(𝜋𝑐) + 1∕2. It is noteworthy that the number
of modes supported in an ideal waveguide is generally significantly higher than that in a realistic waveguide with an
absorbing bottom. Typically, 𝑀 ≫ 𝑁 is applied to low-frequency detection in shallow water because the surface area
of the structure 𝑆𝑎 is more than one order of magnitude larger than the water depth ℎ.

A comparison of computational complexity is shown in Fig.12; the operation number of the two models as a
function of frequency is plotted, with a water depth ℎ=200 m. The computational cost of the coupled FEM/WSM
Nie et al.: Preprint submitted to Elsevier Page 14 of 21
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Figure 10: The left panel shows the range-frequency spectrogram of the radiation field. The white dashed line indicates
the location of 𝐿2

𝑎∕𝜆 and the gray dashed lines represent the interference fringes with slopes of 𝛽(1,2), 𝛽(1,3) and 𝛽(2,3). The
middle panel shows the normalized directional function 𝐷(𝜃, 𝜙;𝜔), with the azimuth angle 𝜃 = 0 ◦ and the grazing angle
𝜙 = 0 ◦. The right panel illustrates the strongest radiation mode corresponding to the peak frequencies in 𝐷(0 ◦, 0 ◦;𝜔).

Figure 11: The normalized directionality 𝐷norm
𝑖 (𝜃, 𝜙;𝜔) of the first eight acoustic radiation modes at frequency 𝑓=81Hz.

solver increases significantly with increasing frequency, depending on 𝑀 ×𝑁 . Nevertheless, the proposed analytical
solution only requires 𝑂(𝑁) operations to predict the far-field radiation, thereby reducing the computational cost. Note
that the proposed analytical solution outperforms the coupled FEM/WSM solver in terms of computational complexity
by saving 𝑂(𝑀) operations. This represents a significant improvement in computational efficiency at high frequencies.

Next, a comparison of the running times is presented. The same elastic sphere and Pekeris waveguide in Section
4.1 were used in this case. The mesh sizes of the predicted field points were set to Δ𝑧 = 0.25 m, Δ𝑟 = 2.5 m, and
Δ𝜃 = 1 ◦. All computations were performed on a PC equipped with an Intel(R) i7-12700F 3.60 GHz processor and 32
GB of memory. The computational program was compiled using MATLAB 2022a, running in parallel to accelerate
the WSM solver. The ’𝑝𝑎𝑟𝑓𝑜𝑟’ function in MATLAB was used to save time in repeatedly calculating the acoustic
field of each equivalent source. This approach allows us to distribute the computations across multiple CPU cores to
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Figure 12: Comparison of computational complexity between the two methods.

Table 1
Runtime test comparison between WSM and DSM.

𝑟(km) 0 − 10 | 0 − 1 0 − 5 0 − 10 0 − 50

𝑓 (Hz) 75 100 125 150 75

𝑡WSM(𝑠) 1080.032 1530.935 2040.860 5193.558 2596.779 563.392 1080.032 5388.374
𝑡DSM(𝑠) 6.947 7.548 8.225 8.475 1.792 3.068 6.947 22.670

improve performance, with twelve processes used here for parallel computation. Table 1 presents a comparison of the
computational times. The results exclude the calculation time of the FEM.

It can be seen that the running time of the WSM increases dramatically as the frequency increases when predicting
the radiation on mesh ranging from 0 to 10 km, reaching up to 5193 s at 150 Hz. By contrast, the proposed analytical
solution completed the computation within a few seconds. In addition, the running time of the analytical solution
barely changed across the 75–150 Hz frequency range. The high efficiency achieved by the analytical solution is
owing to the avoidance of repetitive computations for different equivalent sources. Again, the time comparison at 75
Hz for predictions with different ranges confirmed the high efficiency achieved by the analytical solution. Therefore,
the proposed analytical solution is preferable for solving large-scale three-dimensional (3D) acoustic radiation from
structures in shallow water, which represents a significant improvement in calculation efficiency because only a few
seconds are required for long-range predictions.
4.4. Critical distance distinguishing the near-field and far-field radiation

In this section, we analyze the critical distance that distinguishes near- and far-field structural acoustic radiation
in shallow water, and discuss the influence of the environment and radiator parameters. A depth-averaged error was
introduced to identify the near-field region in which the approximation made for the proposed analytical solution is
violated. These errors are defined as follows:

Err(𝑟) = 20log10
|

|

|

|

|

|

∑𝑁𝑧
𝑖 |𝑝WSM(𝑟, 𝑧𝑖)| −

∑𝑁𝑧
𝑖 |𝑝DSM(𝑟, 𝑧𝑖)|

𝑁𝑧

|

|

|

|

|

|

(33)

where 𝑝DSM(𝑟, 𝑧𝑗) and 𝑝DSM(𝑟, 𝑧𝑗) denote the sound pressures calculated by the coupled FEM/WSM solver and the
proposed analytical solution in the depth-range plane, respectively; 𝑧𝑗 is the depth of the 𝑗th receiver; and 𝑁𝑧 denotes
the number of receivers across different depths.

According to Eq.(29), the critical distance 𝑟𝑑 is determined by the wave number 𝑘0 and 𝐿𝑎. 𝐿𝑎 depends on the
type of excitation, frequency, and the geometric and material properties of the structure. The far-field approximation
assumes that 𝐿𝑎 is the maximum length of the structure, meaning that each patch on the surface of the structure emits
Nie et al.: Preprint submitted to Elsevier Page 16 of 21
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(a) (b)

Figure 13: (a) Depth-averaged error (dB) in different frequency 𝑓 with water depth ℎ=200 m and 𝐿𝑎=70 m. (b) Depth-
averaged error (dB) in different frequencies 𝐿𝑎 at water depth ℎ=200m and frequency 𝑓=200 Hz. White dashed lines in
(a) and (b) represent 𝐿2

𝑎∕𝜆, indicating the critical distance.

Figure 14: Depth-averaged error (dB) in different modes 𝑛 with frequency 𝑓=100 Hz, water depth ℎ=200 m, and 𝐿𝑎=70
m. The white dashed line means the 𝐿2

𝑎𝑓∕𝑐𝑝𝑛, and indicates the critical distance for mode 𝑛.

radiation. In reality, only local patches of a vibrating elastic structure generate acoustic radiation. Therefore, 𝐿𝑎 is
typically smaller than the maximum length of the structure.

In this case, a finite-length line source was used to simulate the volume radiator. A uniform normal velocity
distribution was imposed along the line source, and the intensity of each equivalent source 𝑞𝑚 was equal to 1 Pa⋅m. The
hull was placed at half the water depth, that is 𝑧𝑠=ℎ∕2, and the seabed parameters were the same as those in Section
4.1.

Fig.13 plots the errors determined by the range and the frequency and those by the range and the effective size
of the radiator, respectively. The critical distance 𝐿2

𝑎∕𝜆 is indicated by the white dashed line. The length of the line
structure𝐿𝑎 is 70 m, as shown in Fig.13(a), and the frequency 𝑓 is 200 Hz in Fig.13(b), respectively. Clear transitioning
behavior can be observed in the error distribution, accurately distinguishing the near- and far-field radiation by the
critical distance indicated by the white line. Errors up to 20 dB occurred in the near-field region, where the proposed
analytical solution was invalid. However, in the far-field region, the errors of the analytical solution barely exceeded
-5 dB. Interestingly, oblique fringes with a concentrated error distribution were observed in the far-field region, as
shown in Fig.13(a), which are associated with the interference pattern between different normal modes. This pattern
can be approximated using 𝛽, which predicts the position at the trough of the waveguide field. According to the analysis
presented in Section 4.2.3, large errors in the analytical solution were associated with the trough of the sound field,
which explains the observed oblique fringes.

Next, we analyze the errors compared with the results of the coupled FEM/WSM by accounting for the individual
modes in Eq.(33). Unlike in free space, the Fraunhofer far-field approximation in shallow water depends on the
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Figure 15: Depth-averaged error (dB) in different water depth ℎ with frequency 𝑓=100 Hz and 𝐿𝑎=70 m. The white
dashed line indicates the 𝐿2

𝑎𝑘𝑟1∕2𝜋.

horizontal wave numbers corresponding to different normal modes rather than the acoustic wave number. Fig.14
illustrates the error distribution over mode number at 100 Hz. The hull model presented in Section 4.2.2 was used.
The error distribution exhibits an evident increasing trend as the mode number decreases in the transitioning region,
which coincides with the white dashed line predicted by 𝐿2

𝑎𝑓∕𝑐𝑝𝑛, where 𝑐𝑝𝑛 represents the modal phase velocities.
This confirms that the applicability of the Fraunhofer far-field approximation in shallow water relies on the horizontal
wavenumber, which increases as the mode order decreases.

It is necessary to analyze the influence of the water depth on the validity of the far-field approximation because the
horizontal wave number varies with the water depth. Fig.15 plots the error distribution determined by the range and
the water depth in a Pekeris waveguide with the sediment parameters given in Section 4.2.1. Unexpectedly, although
the horizontal wavenumber depends directly on ℎ, the transition distance barely changes with varying water depth. The
underlying reason is that changes in ℎ contribute relatively little to the horizontal wavenumber. To illustrate this, we
introduce the equivalent depth approximation of (Buckingham and Giddens, 2006)

𝑘𝑟𝑛 ≈ ±
√

𝑘20 − 𝑛2𝜋2∕ℎ2 ∓
𝑖𝛾𝑏𝑛2𝜋2 cot2(𝛼𝑏)
𝜎𝑏𝑘20ℎ

3 sin(𝛼𝑏)
(34)

where 𝛼𝑏 = cos−1(𝑘0∕𝑘𝑏) is the critical grazing angle at the bottom, 𝜎𝑏 = 𝜌∕𝜌𝑏 is the density ratio, and 𝛾𝑏 is the
tangent wavenumber of plane waves propagating through the sediment. The term 𝛾𝑏 cot2(𝛼𝑏)∕(𝜎𝑏 sin(𝛼𝑏)) reflects the
influence of the seabed parameter on horizontal wave numbers. When considering the critical distance 𝑟𝑑 , we reduce
the imaginary part of the equivalent depth approximation, that is, 𝑘𝑟𝑛 is negligible. As a result, the imaginary part in
the equivalent depth approximation can be reduced, leading to the simplification,

𝑘𝑟𝑛 ≈
√

𝑘20 − 𝑛2𝜋2∕ℎ2 (35)
This simplification reveals that the change in water depth is at least two orders of magnitude smaller than that of 𝑘𝑟1,
and hence the associated effects on 𝑘𝑟1 are small, if not negligible. Similarly, seafloor parameters have a negligible
impact on 𝑘𝑟𝑛. This suggests that the frequency and radiator size are the predominant contributors to determining
where the critical distance is imposed, instead of the waveguide environment parameters such as water depth and
seabed properties.

5. Conclusion
This paper presents an efficient hybrid method for solving the problem of acoustic radiation from a vibrating

structure in shallow water. In this method, the structural vibration is solved using the FEM, whereas the near-field
acoustic radiation is solved using the WSM with Green’s function computed using the normal mode theory. Instead
of numerically calculating the integral representing the Helmholtz exterior problem, which has been reported in the
literature, we derived an analytical solution for the source-strength integral of the waveguide Green’s function. This
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represents a significant improvement in terms of computational efficiency, allowing for onboard, real-time prediction
of structural radiation in shallow water within seconds.

The proposed method was validated against a 2D axisymmetric FEM model benchmark case, in which an elastic
sphere excited by an on-axis force was analyzed in the Pekeris waveguide. By further extending the simulations to
consider a more realistic shell model and shallow water with SSPs, the errors of the proposed analytical solution
were studied. These errors are associated with the trough of the waveguide field and the region where the far-field
approximation is violated. The critical distance identifying the near and far fields of structural acoustic radiation
was investigated, and it was found that this distance is dominated by the frequency and radiator size rather than the
environmental parameters of the waveguide.

Furthermore, the coupling mechanism between the acoustic radiation modes and the propagation modes was
investigated by simulating the LOFAR spectrum of the mechanical vibration noise using the proposed method. Two
types of fringe patterns are observed in the spectrum. The oblique pattern results from the interference between different
normal modes, coinciding with waveguide invariant 𝛽. On the other hand, the stronger, horizontal fringe was caused by
the strong excitation of the circumferential radiation modes, independent of the waveguide parameters. This suggests
that the circumferential radiation modes can couple with low-order normal modes, and tend to travel long-range at low
grazing angles relative to the horizontal. This also means that in the far field, the structural radiation degenerates to the
radiated field produced by a multipole point source, as only low-order normal modes coupled with the energy from the
circumferential modes can propagate to the far field. This information will be valuable for detection of passive sonar
operating in shallow water.

However, the added mass effect from the upper and lower boundaries on fluid loading is neglected, as the structure
is assumed to be sufficiently removed from both the sea surface and the seabed. The interference between different
radiation modes increase errors in regions close to the troughs of the radiation field. While this study focuses the
radiation field in range-independent environments, our future work will extend the models to account for radiated
sound fields in range-dependent environments. considering fluctuating interfaces and turbulent sound speeds.
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