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Abstract

This article presents a semi-analytical solution for 3D underwater acoustic propagation from

a directional source within the framework of adiabatic normal modes. The solution is de-

rived from a double-summation expression provided by the adiabatic mode model using

the Fraunhofer far-field approximation and Taylor series expansions to simplify the source-

strength integral for directional radiation from a complex source. The derived solution is

validated through comparisons with a 2D normal mode code for a directional source in a

Pekeris waveguide. Two additional examples highlight the solution’s effectiveness in com-

plex engineering problems, including directional propagation under moving internal wave

conditions and underwater radiated noise from a vessel near Long Island Sound. A key

advantage of this method lies in its semi-analytical formulation, which reduces the pro-

cess of incorporating source directivity into 3D underwater acoustic propagation to a single

propagation model run. Even in fully 3D scenarios, when the transverse eigenfunctions of

vertical modal coefficients are coupled, the Dirichlet-to-Neumann operator representing the

radiation condition can be stored and reused if the directional source term changes. This

improves computational efficiency and reduces numerical costs. Furthermore, the method’s

full-angle propagation capability ensures an accurate description of the detailed character-

istics of complex sources.
Keywords: three dimensional, underwater acoustic propagation, directivity, complex

source, semi-analytical formulation
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1. Introduction

The modeling of three-dimensional (3D) underwater acoustic propagation is crucial for

mitigating underwater noise, exploring marine resources, and evaluating sonar performance.

Various approaches are employed to solve 3D underwater acoustic propagation, including

normal modes [1, 2], ray tracing [3, 4], parabolic equations [5–10], and fully numerical meth-

ods such as the finite element (FE) [11], finite difference [12], spectral element [13, 14], and

boundary integral methods [15, 16]. To accurately estimate acoustic emissions from anthro-

pogenic noise sources in realistic marine environments, both the source characteristics and

sound propagation must be modeled in detail, as they are inherently integrated in 3D envi-

ronments. Most of the methods above primarily address problems involving omnidirectional

sources [17]. However, anthropogenic noise sources, such as surface vessels and underwater

vehicles, are often directional. The incorporation of source directivity into 3D underwater

acoustic propagation models remains an open problem. A key focus for future research will

be the development of an efficient method with acceptable accuracy to address this practical

engineering challenge.

Generally, one can calculate 3D underwater acoustic propagation from a directional

source by straightforwardly integrating the results from monopole point sources placed at

different spatial positions [18], the fields of which can be given by the existing approaches

described above. However, this approach involves extensive numerical operations for point-

source integration, which can lead to impractical computation times. The parabolic equa-

tion (PE) model can model 3D wave propagation from directional sources by defining an

appropriate initial field [14]. However, determining initial fields for complex sources remains

challenging, particularly in deep-water environments, as additional numerical treatments are

required. Additionally, angular restrictions inherent to the PE method may lead to inac-

curacies in representing source characteristics, especially for directions approaching ±90◦.
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When sound waves propagating at these angles are horizontally refracted, predictions based

on a limited propagation angle can significantly deviate from observations [19, 20]. The ray

method theoretically accounts for source directivity by weighting ray amplitudes accord-

ing to grazing angles. However, widely used ray models like BELLHOP [21] only consider

the in-phase directional beam emitted by complex sources, discarding phase information.

An alternative approach involves integrating results from ray models for multiple point

sources distributed spatially, as demonstrated in studies modeling acoustic vortices [22, 23].

Nevertheless, this strategy necessitates repeated model implementations, thereby increasing

computational complexity. Another approach to addressing this issue is to use fully numer-

ical methods, such as the finite element method (FEM) and the equivalent source method

(ESM) [24–26]. Since the FEM is based on volume discretization, the computational domain

size is constrained by the acoustic wavelength in 3D problems. This results in a significant

demand for computational resources when applying the FEM to large-scale 3D underwater

acoustic propagation. Recent studies have demonstrated the ability of the ESM to simulate

radiation from a vibrating elastic shell in the presence of double seamounts [27]. While the

ESM can integrate structural acoustic radiation with 3D sound propagation, its numerical

efficiency remains a major concern, limiting its application in practical engineering problems.

Recent research has demonstrated the computation of a radiated field from a volume

source in shallow water using normal mode theory [28, 29]. A key aspect of this method is

the decomposition of the sound field into the modal domain, which allows the solution to be

expressed as a summation of normal modes with coefficients dependent on the grazing angles

modal plane waves. The source-strength integral, which represents radiation from the vol-

ume source, can then be simplified, leading to an analytical expression for far-field radiation

in the waveguide. The derived solution involves only a single summation of normal modes,

avoiding the need for numerical evaluation of the source-strength integral and making it

highly efficient for long-range predictions. However, the depth-range variable separation

inherent to this solution restricts its validity to a 2D bearing plane, where only the elevation

directivity of the source is considered. This excludes the effects of 3D propagation when

simulating complex topographies. Despite this limitation, the studies cited above pave the
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way for deriving semi-analytical solutions for 3D underwater acoustic propagation from a

directional source, provided that the field can be expressed as a modal decomposition. This

study aims to develop a 3D underwater acoustic propagation model that incorporates di-

rectional sources while maintaining computational efficiency comparable to omnidirectional

propagation. To achieve this, we extend existing derivations of modal excitation for complex

sources [28, 29] into a fully 3D framework.

The 3D adiabatic mode, an approximate form of 3D coupled normal mode theory, ef-

fectively balances computational efficiency and accuracy, making it a suitable candidate for

addressing the problem at hand. Previous studies have demonstrated that the 3D adiabatic

mode yields promising results in most scenarios where horizontal refraction dominates 3D

propagation effects [30, 31]. Furthermore, recent research has introduced a model order

reduction (MOR) technique to solve the 3D adiabatic mode [32]. This method expresses the

sound field as double summation: one sum represents the modal decomposition over verti-

cal modes, and the other represents the decomposition of the vertical mode coefficient over

transverse eigenfunctions. Such a representation is a specific form of the Galerkin method,

which employs these eigenfunctions as basis sets. The MOR technique is highly efficient,

particularly in longitudinally invariant environments. Moreover, the solution derived from

the MOR technique accounts for angles up to ±90◦, enabling an accurate description of

source characteristics throughout the entire spatial domain.

The primary contribution of this study is the derivation of a semi-analytical solution

for 3D directional underwater acoustic propagation using a reduced-order adiabatic mode

framework. By expressing the sound field as a superposition of vertical modes and hori-

zontal eigenfunctions, the proposed model enables directional propagation while maintains

computational efficiency equivalent to omnidirectional scenarios. This efficiency is achieved

through the use of analytical excitations of modes and eigenfunctions derived from the Huy-

gens integral. The resulting framework provides a practical numerical tool for assessing

shipping noise impacts on marine ecosystems. While the current theory excludes modal

interactions, addressing these limitations will constitute a focus of future work.

The remainder of this paper is organized as follows. Section 2 presents the formulas for
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the proposed theory. Section 3 presents numerical simulations, including validation cases

and two application examples. Finally, conclusions are drawn in Section. 4.
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2. 3D adiabatic normal mode theory and derivation of modal excitation by
directional source

2.1. Order-reduced adiabatic normal modes

This study employs a Cartesian coordinate system where x and y denote the horizontal

coordinates, and z represents depth. Within the horizontal plane, x corresponds to the

propagation range, while y defines the transverse range. In adiabatic normal mode theory,

the transverse range is treated as unbounded, and the depth coordinate z is modeled with a

semi-infinite bottom. This coordinate system defines the domain R as R = Rx,y ×Rz, where

Rx,y = [0, xL] × [y0, yL] represents the horizontal domain, and Rz = [0,∞] specifies the

depth domain. Here, xL and yL represent the maximal propagation and transverse ranges

of interest, respectively, while y0 is the lower limit in the transverse direction of interest.

2.1.1. Governing equations

We start with the Helmholtz equation governing 3D underwater acoustic propagation

[33]:

∂2p

∂x2
+
∂2p

∂y2
+
∂2p

∂z2
+

ω2

c2(x, y, z)
p = 0, x ∈ [0, xL], y ∈ [y0, yL], z ∈ [0,∞] (1)

where ω is the angular frequency, and the sound pressure p(x, y, z) can be expressed as a

truncated expansion over vertical modes:

p(x, y, z) =
∞∑
j=1

Rj(x, y)Pj(x, y, z), (2)

where j specifies the vertical mode number, Rj(x, y) are the modal coefficients, and the

orthogonal, vertical modes Pj(x, y, z) can be solved through the Sturm–Liouville problem,

given by:



d2Pj

dz2 +
ω2

c2
Pj = k2jPj, z ∈ [0,∞],

Pj

∣∣∣∣
z=0

= 0,

Pj

∣∣∣∣
z=z−sf

= Pj

∣∣∣∣
z=z+sf

,
1

ρ

dPj

dz

∣∣∣∣
z=z−sf

=
1

ρ

dPj

dz

∣∣∣∣
z=z+sf

.

(3)
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In the above equation, kj are the horizontal modal wavenumbers, and the last two

expressions represent the local water/seafloor continuity conditions at z = zsf (x, y) and

the pressure-release condition at z = 0.

The mode coefficients Rj(x, y) satisfy the coupled equations detailed by Petrov et al. [34].

Dropping the coupling terms gives the adiabatic approximation of the coupled equations and

the so-called horizontal refraction equations (HREs) is finally derived [35, 36]:

∂2Rj

∂x2
+
∂2Rj

∂y2
+ k2j (x, y)Rj = 0, x ∈ [0, xL], y ∈ [y0, yL]. (4)

The boundary conditions for Eq. (4) at x = xL, y = y0, and y = yL are the radiation

conditions at infinity [33], and a source condition should be prescribed at x = 0.

2.1.2. Model order reduction using Galerkin-type approximation in horizontal plane

The HREs can be solved using a variety of approaches, including, for example, Gaussian

beams [20] and parabolic equations [30]. Instead of using these methods, we introduce a

MOR technique to solve these 2D Helmholtz-type equations. This is because the solution

provided by the MOR technique covers ±90◦, which is the key to obtaining a correct and

detailed description of the sound field produced by a directional source. Another impor-

tant aspect of this technique is that it analytically expresses the 3D sound field due to

an omnidirectional source as a double summation, potentially allowing the derivation of a

semi-analytical expression for the directional source. Various numerical aspects of the MOR

solution were developed in recent research [32]. The solution involves a decomposition of

the coefficients Rj(x, y) over transverse eigenfunctions [33]:

Rj(x, y) =
∞∑

n=1
Sn
j (x)ϕ

n
j (y), (5)

where ϕn
j (y) are the transverse eigenfunctions of Rj(x, y) and Sn

j (x) are their coefficients.

The separation of variables in Eq. (5) is equivalent to the integral transform technique

for solving the Helmholtz-type equations. The superscript n indicates the order of the

transverse eigenfunctions. In essence, the transverse eigenfunctions of Rj(x, y) (orthogonal

basis) span an infinite-dimensional space onto which Rj(x, y) are projected. Consequently,
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the original model, characterized by discretization points along the transverse direction, is

reduced to a model represented by the transverse eigenfunctions ϕn
j (y) (the number of which

is typically smaller than the discretization points). Eq. (5) provides a general formulation

applicable to bounded domains that support normal mode solutions. This means that there

is a waveguide in the horizontal plane. However, in underwater acoustics, the horizontal

domain extends infinitely. To resolve this, He et al. [32] introduced two perfectly matched

layers (PMLs) to artificially truncate the infinite horizontal domain. This approach allows

the eigenproblem associated with ϕn
j (y) to be closed and solved using a modal projection

method (a Galerkin-type approximation in the horizontal plane). Critically, the introduction

of PMLs with physical boundaries eliminates the contribution from branch cuts inherent to

infinite domains, replacing the continuous spectrum with a summation of high-order modes.

Figure 1(a) visualizes the vertical modes Pj and the transverse eigenfunctions ϕn
j in the

underwater domain for the current analysis.

By reducing the model order of the modal coefficients, the 3D sound pressure can be

written as a double summation:

p(x, y, z) =
∞∑
j=1

∞∑
n=1

Sn
j (x)ϕ

n
j (y)Pj(x, y, z) (6)

It should be noted that for each vertical mode j, there is a completely independent set

of horizontal eigenfunctions, indexed in both j and n.

To derive the expression for the directional source from the MOR solution, we start by

assuming longitudinal invariance in the environment. This implies that the waveguide ge-

ometries and medium properties (kj) remain unchanged along the x-axis. This simplification

leads to the separation of variables in Eq. (4), indicating that the transverse eigenfunctions

ϕn
j (y) become uncoupled. Considering an omnidirectional point source at (x0, y0, z0) as an

excitation, the coefficients of ϕn
j (y) are reduced to:

Sn
j (x) =

i
2
ϕn
j (y0)

eiknxj(x−x0)

knxj
Pj(x0, y0, z0), (7)

where knxj are the transverse eigenvalues that can be solved through the Sturm–Liouville
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problem in the transverse domain:

d
dy

[
1

s(y)

d
dy

(
ϕn
j

s(y)

)]
+ k2j (y)ϕ

n
j = knxj

2ϕn
j , y ∈ [0, H] (8)

where s(y) is introduced due to two PMLs that truncates the infinite transverse domain, and

the solution ϕn
j is solved subject to the boundary conditions at y = y0 = 0 and y = yL = H

(H representing the total thickness of the horizontal waveguide, including the two PMLs as

illustrated in Fig 1(a) ,and specifically ˆRx,y = [0, xL]× [0, H]):

ϕn
j (y)

∣∣∣∣
y=0,H

= 0, (9)

It is noteworthy that, while the Sturm-Liouville problem in Eq. (8) implies a bounded

horizontal domain, propagation behavior within an unbounded one can be properly modeled

by introducing PMLs. Additionally, the source must be positioned between y = 0 and

y = H, avoiding placement at the domain boundaries. In a recent study [32], the above

eigenproblem was solved through a modal projection method:


ϕn
j (y) =

∑N
m=1 w

m,n
j ψm(y) = ΨTwn

j ,

ψm(y) =

√
2

H
sin

[mπ
H
y
]
,

(10)

where ψm denotes the transverse basis modes satisfying Dirichlet boundary conditions at

the outer boundaries and forming the orthogonal basis for projecting ϕn
j . Here, wm,n

j are the

projection coefficients, and Ψ and wn
j represents the vectors of transverse basis modes and

projection coefficients, respectively.

To solve the Sturm–Liouville problem in Eq. (8), we first multiply with s(y) and both

sides by ΨT and integrate over y from 0 to H. Applying the modal projection from Eq. (10)

yields:

{∫ H

0

s(y)ΨT d
dy

[
1

s(y)

d
dy

(
1

s(y)

)]
Ψdy+

∫ H

0

s(y)k2j (y)Ψ
TΨdy

}
WT

j = kxj
2

∫ H

0

s(y)ΨTΨdyWT
j ,

(11)

where Wj is the matrix of transverse projection coefficients.
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Simplifying Eq. (11) yields:

Γ−1
j ΥjW

T
j = kxj

2WT
j , (12)

where
Υj =

∫ H

0

[
− 1

s(y)

∂ΨT

∂y

∂Ψ

∂y
+ k2j s(y)Ψ

TΨ

]
dy,

Γj =
∫ H

0
s(y)ΨTΨdy,

(13)

and s(y) is given by

s(y) =

 1, d < y < H − d,

1 + iσ(ε), otherwise,
(14)

with the dimensionless coordinate defined as ε = (d − y)/d for 0 ≤ y ≤ d, and ε =

(y −H + d)/d for H − d ≤ y ≤ H, where d is the PML thickness. Here, σ is the damping

function. A quadratic damping function is employed in this study.

Eq. (12) constitutes a generalized matrix eigenvalue problem. The resulting eigenvalues

are sorted [37], and their corresponding eigenvectors provide the projection coefficients. The

transverse eigenfunction ϕn
j is reconstructed via Eq. (10).

The modal summation in Eq. (5) inherently describes discrete spectra. However, open

waveguides (e.g., ocean horizontal planes) exhibit continuous spectra due to energy leakage.

When propagating transverse eigenfunctions are absent, Eq. (5) becomes inadequate. By

truncating the horizontal waveguide with PMLs, this work replaces the continuous spectrum

with high-order modes in Eq. (5), effectively closing the eigenproblem. Prior studies, such

as [38, 39], validated this approach for atmospheric waveguides, while Barclay and Lin [40]

applied analogous horizontal decomposition to 3D underwater acoustics but restricted va-

lidity to trapped transverse eigenfunctions via pressure-release boundaries. Our PML-based

formulation mimics Sommerfeld radiation conditions through wave attenuation, eliminating

this limitation.

2.2. Semi-analytical expression for the directional source term in the longitudinally invariant
scenario

To derive the formula for the 3D sound field generated by a directional source using the

MOR solution, it is helpful to start with the longitudinally invariant scenario. However,
10
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Figure 1: (a) The underwater domain considered in the current analysis, where the vertical modes are
represented by blue lines, and the transverse eigenfunction of their coefficients is shown as the red line. (b)
The far-field approximation for deriving the semi-analytical expression for a directional source.

the derived expression can be straightforwardly extended to fully 3D cases. This is because

the directional source only acts as a modal excitation of ϕn
j (y) in the local region near the

source, which can be considered a longitudinally invariant environment based on the step-

size approximation [33]. The coefficients of ϕn
j (y), which contain the source information,

are propagated step-by-step along the longitudinal range through the Dirichlet-to-Neumann

(DtN) operator, which depends upon the underwater environment rather than the source.

We begin with an expression for the 3D Green’s function with the source placed at

(x′, y′, z′) [33]:

g(x′, y′, z′|x, y, z) = i
2

∞∑
j=1

∞∑
n=1

ϕn
j (y

′)
eiknxj(x−x′)

knxj
ϕn
j (y)Pj(x, y, z)Pj(x

′, y′, z′), (15)

As shown in Fig. 1(b), the sound field produced by a volume source whose radiation is

directional can be considered as an integration of monopole sources placed on the source

surface S, given by the equation [18]

pvol(x, y, z) =

∫
S

q(x
′
, y

′
, z

′
)g(x, y, z; x

′
, y

′
, z

′
)dx′dy′dz′

, (16)

where q(x′
, y

′
, z

′
) represents the strength of the monopole source.

Substituting Eq. (15) into Eq. (16) and exchanging the order of summation and integra-

tion yields
11



pvol(x, y, z) =
i
2

∞∑
j=1

∞∑
n=1

1

knxj
ϕn
j (y)Pj(x, y, z)

∫
S

q(x
′
, y

′
, z

′
)ϕn

j (y
′)eiknxj(x−x′)Pj(x

′, y′, z′)dx′dy′dz′
.

(17)

By expanding the vertical mode Pj and the transverse eigenfunction ϕn
j with a Taylor

series at the center depth z0 and at the center transverse position y0, respectively, the

integration in Eq. (17) can be written as

Aj = eiknxj(x−x0)

∫
S

q(x0 + α, y0 + β, z0 + γ)B(γ)C(β)e−iknxjαdαdβdγ, (18)

where

B(γ) =
∞∑

b=0

1

b!
dbPj(x

′, y′, z)

dzb

∣∣∣∣
z=z0

γb (19a)

C(β) =
∞∑

b=0

1

b!
dbϕn

j (y)

dyb

∣∣∣∣
y=y0

βb, (19b)

and the local coordinate of each monopole source is given by

α = x′ − x0, (20a)

β = y′ − y0, (20b)

γ = z′ − z0. (20c)

The Taylor series can be divided into two parts with odd and even orders. We take B(γ)

as an example:

B(γ) = Bo(γ) + Be(γ), (21)

where

Bo(γ) =
∞∑

b=0

1

(2b + 1)!

d(2b+1)Pj(x
′, y′, z)

dz2b+1

∣∣∣∣
z=z0

γ2b+1, (22a)

Be(γ) =
∞∑

b=0

1

(2b)!
d(2b)Pj(x

′, y′, z)

dz2b

∣∣∣∣
z=z0

γ2b. (22b)

12



Next, by neglecting dkzj/dz and its higher-order derivatives at the source depth, where

kzj =
√
k2 − k2j is the vertical wavenumber, Eq. (21) can be simplified by reducing the order

of derivation of Pj(z) based on Eq. (3):

B(γ) =
dPj(x0, y0, z)

dz

∣∣∣∣
z=z0

1

kzj
sin(kzjγ) + Pj(x0, y0, z0) cos(kzjγ). (23)

In the above equation, it is assumed that Pj(x
′, y′, z0) ≈ Pj(x0, y0, z0) because the volume

source is significantly smaller in scale compared to the horizontal variations in the medium.

The depth-derivative of kzj is neglected because the vertical span of a typical underwater

source is on the order of several meters, over which the sound speed exhibits negligible

variation.

Similarly, one can simplify C(β) by neglecting dknyj/dy and its higher-order derivatives

at the source position, where knyj =
√
k2j − knxj

2, and then using the eigenequation given in

Eq. (8). This yields:

C(β) =
dϕn

j (y)

dy

∣∣∣∣
y=y0

1

knyj
sin(knyjβ) + ϕn

j (y0) cos(k
n
yjβ), (24)

and this holds for most realistic situations, as topography changes minimally over the trans-

verse span of the source.

Therefore, the term of B(γ) multiplied by C(β) in Eq. (18) can be rewritten as follows:

B(γ)C(β) = E(γ, β) + F (γ, β) +K(γ, β) + L(γ, β), (25)

where

E(γ, β) =
1

kzjknyj

dPj(z)

dz

∣∣∣∣
z=z0

dϕn
j (y)

dy

∣∣∣∣
y=y0

sin(kzjγ) sin(k
n
yjβ) (26a)

F (γ, β) =
1

kzj

dPj(z)

dz

∣∣∣∣
z=z0

ϕn
j (y0) sin(kzjγ) cos(k

n
yjβ) (26b)

K(γ, β) =
1

knyj
Pj(z0)

dϕn
j (y)

dy

∣∣∣∣
y=y0

cos(kzjγ) sin(k
n
yjβ), (26c)

L(γ, β) = Pj(z0)ϕ
n
j (y0) cos(kzjγ) cos(k

n
yjβ). (26d)
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By applying the Euler’s formula to the sine and cosine terms in the above equations, the

source-strength integration for E(γ, β) can be further rewritten as

En
j
′(y0, z0) =

∫
S

q(α, β, γ)e−iknxjαE(γ, β)dαdβdγ

=− 1

4kzjknyj

dPj(z)

dz

∣∣∣∣
z=z0

dϕn
j (y)

dy

∣∣∣∣
y=y0∫

S

q(α, β, γ)e−iknxjα[ei(kzjγ+knyjβ) − ei(kzjγ−knyjβ) − ei(−kzjγ+knyjβ) + ei(−kzjγ−knyjβ)]dαdβdγ

=− 1

4kzjknyj

dPj(z)

dz

∣∣∣∣
z=z0

dϕn
j (y)

dy

∣∣∣∣
y=y0

[D(θn, φj)−D(−θn, φj)−D(θn,−φj) +D(−θn,−φj)],

(27)

where D(θ, φ) is the directivity, and, based on the Fraunhofer approximation, D(θ, φ) can

be expressed as an integration of the source strength [28, 29],

D(θ, φ) =

∫
S

q(x0 + α, y0 + β, z0 + γ)eik(α cos θ cosφ+β sin θ cosφ+γ sinφ)dαdβdγ, (28)

where (θ, φ) is the observation angle.

It should be noted that the simplification in Eq. (27) relies on the following relations:

knxj = k cos(φj) cos(θn), (29a)

knyj = k cos(φj) sin(θn), (29b)

kzj = k sin(φj), (29c)

where φj now represents the grazing angle of the up- and down-moving plane wave of the jth

vertical mode, and θn = atan(knyj/knxj). Using these relations and the formula for directivity

given by Eq. (28), the source-strength integrations for F (γ, β), K(γ, β), and L(γ, β) can be

reduced to

F n
j
′(y0, z0) =

∫
S

q(α, β, γ)e−iknxjαF (γ, β)dαdβdγ

= − i
4kzj

dPj(z)

dz

∣∣∣∣
z=z0

ϕn
j (y0)[D(θn, φj) +D(−θn, φj)−D(θn,−φj)−D(−θn,−φj)]

(30)
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Kn
j
′(y0, z0) =

∫
S

q(α, β, γ)e−iknxjαK(γ, β)dαdβdγ

=
1

4knyj
Pj(z0)

dϕn
j (y)

dy

∣∣∣∣
y=y0

[D(θn, φj)−D(−θn, φj) +D(θn,−φj)−D(−θn,−φj)]

(31)

Ln
j
′(y0, z0) =

∫
S

q(α, β, γ)e−iknxjαL(γ, β)dαdβdγ

=
1
4
Pj(z0)ϕ

n
j (y0)[D(θn, φj) +D(−θn, φj) +D(θn,−φj) +D(−θn,−φj)]

(32)

As a result, the 3D underwater sound propagation from the directional source can be

obtained by substituting Eq. (27) and Eqs. (30)–(32) back into Eqs. (17)–(18):

pvol(x, y, z) =
i
2

∞∑
j=1

∞∑
n=1

1

knxj
ϕn
j (y)Pj(x, y, z)eiknxj(x−x0)[En

j
′ + F n

j
′ +Kn

j
′ + Ln

j
′] (33)

For clarity, after some manipulations of Eq. (33), one can obtain

pvol(x, y, z) =
i
2

∞∑
j=1

Pj(x, y, z)

[
− i

2kzj

dPj(z)

dz

∣∣∣∣
z=z0

R1j +
1

2
Pj(z0)R2j

]
, (34)

where

R1j =
∞∑

n=1

1

knxj
ϕn
j (y)eiknxj(x−x0)

[
− i

2knyj

dϕn
j (y)

dy

∣∣∣∣
y=y0

(D1 −D2) +
1

2
ϕn
j (y0)(D1 +D2)

]
,(35a)

R2j =
∞∑

n=1

1

knxj
ϕn
j (y)eiknxj(x−x0)

[
− i

2knyj

dϕn
j (y)

dy

∣∣∣∣
y=y0

(D3 −D4) +
1

2
ϕn
j (y0)(D3 +D4)

]
.(35b)

In the above equation, D1, D2, D3, and D4 are given by

D1 = D(θn, φj)−D(θn,−φj). (36a)

D2 = D(−θn, φj)−D(−θn,−φj), (36b)

D3 = D(θn, φj) +D(θn,−φj), (36c)

D4 = D(−θn, φj) +D(−θn,−φj). (36d)
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2.3. Fully 3D situations

The sound field generated by a directional source retains its representation as a double

summation over modes via Eq. (34), where each mode’s excitation depends on the source

directivity. This formulation demonstrates that propagation characteristics are dictated by

modes (governed by the ocean environment), while source properties determine the coherent

weighting of modal orders through mode excitation. Consequently, Eq. (34) serves as an

incident field for the MOR solution in fully 3D scenarios with longitudinal environmental

variability [32].

The extension of the MOR solution to fully 3D situations, where the coefficients of

ϕn
j (y) are coupled, is detailed by He et al. [32]. The HRE is first converted into a first-

order evolution equation, solved by introducing a Dirichlet-to-Neumann (DtN) operator

representing the radiation condition. For Rj, this yields

∂

∂x

 Rj

R′
j

 =

 0 1

−(∂2y + k2j ) 0

 Rj

R′
j

 , x ∈ [0, xL], y ∈ [0, H], (37)

where R′
j = ∂xRj. Projecting Rj onto the transverse basis mode ψm gives

 Rj(x, y) =
∑N

m=1 a
m
j (x)ψ

m(y),

R′
j(x, y) =

∑N
m=1 a

m
j

′(x)ψm(y),
(38)

with expansion coefficient amj and amj
′. Substituting Eq. (38) into Eq. (37) produces

∂

∂x

 aT
j

a′
j
T

 =

 0 I

−Γ−1
j Υj 0

 aT
j

a′
j
T

 , (39)

where a′
j = Yjaj, and Yj denotes the admittance matrix (DtN operator) satisfying the

governing Riccati equation:
∂Yj

∂x
= −Γ−1

j Υj −Y2
j . (40)

Following [32], we solve Eq. (39) using the second-order Magnus–Möbius scheme. The

computation initiates with a back-propagator step .

Eq. (40) is numerically integrated from xL to x0 (where the source condition is imposed),

with an initial condition of Yj = i
√

Γ−1
j Υj. Operators are stored at each step for reuse
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under varying source conditions. Subsequently, forward propagation of aj(x) from x0 to xL
employs these stored operators, with the critical task being the determination of appropriate

initial modal excitation aj(x0).

Here, we employ the Magnus method to numerically compute Eq. (40). We assume

a uniform discretization of the longitudinal range with a step size of ∆x = x1 − x0 >

0. Utilizing the second-order Magnus scheme, Eq. (40) can be expressed in a numerical

discretized form:

 aj(x−∆x)T

a′
j(x−∆x)T

 = e−∆xG[x−(∆x/2)]

 aj(x)
T

a′
j(x)

T

 , (41)

with

G =

 0 I

−Γ−1
j Υj 0

 . (42)

The exponential propagator is decomposed into

e−∆xG[x−(∆x/2)] =

 G1 G2

G3 G4

 . (43)

The Riccati equation for Yj is eventually solved following the Magnus scheme, yielding:

Yj(x−∆x) = [G3 +G4Yj(x)][G1 +G2Yj(x)]
−1, (44)

and the range-dependent, transverse basis modal coefficients aj(x) can be solved using a

forward evolutionary procedure:

aj(x) = Mj(x)
−1aj(x−∆x), (45)

with Mj(x) = G1 +G2Yj(x).

Next, initial modal excitation aj(x0) for a directional source is determined. Reformulat-

ing Eq. (35) as

R1j(x0) = ΦT
j (y)b1j(x0), (46a)

R2j(x0) = ΦT
j (y)b2j(x0). (46b)
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where the transverse eigenfunction coefficients, b1,2j, are defined as

b1j(x0) = Λj(x0)c1j(y0), (47a)

b2j(x0) = Λj(x0)c2j(y0). (47b)

In the above equation, the diagonal matrix Λj(x0) is given by

Λj(x0) =



eik1xjx0

k1xj
0 · · · 0

0
eik2xjx0

k2xj
· · · 0

... 0
. . . ...

0 0 · · · eikNxjx0

kNxj


, (48)

and the vectors c1,2j(y0) are

c1j(y0) =
1
2



−i
dϕ1

j(y)

dy

∣∣∣∣
y=y0

1

k1yj
(D1 −D2) + ϕ1

j(y0)(D1 +D2)

−i
dϕ2

j(y)

dy

∣∣∣∣
y=y0

1

k2yj
(D1 −D2) + ϕ2

j(y0)(D1 +D2)

...

−i
dϕN

j (y)

dy

∣∣∣∣
y=y0

1

kNyj
(D1 −D2) + ϕN

j (y0)(D1 +D2)


, (49)

and

c2j(y0) =
1
2



−i
dϕ1

j(y)

dy

∣∣∣∣
y=y0

1

k1yj
(D3 −D4) + ϕ1

j(y0)(D3 +D4)

−i
dϕ2

j(y)

dy

∣∣∣∣
y=y0

1

k2yj
(D3 −D4) + ϕ2

j(y0)(D3 +D4)

...

−i
dϕN

j (y)

dy

∣∣∣∣
y=y0

1

kNyj
(D3 −D4) + ϕN

j (y0)(D3 +D4)


. (50)

Transforming Φj in Eq. (46) into the transverse basis mode Ψ via Eq. (10)
18



ΦT
j = ΨTWj, (51)

and this yields

aj(x0) = Wjbj(x0), (52)

By substituting Eq. (47) into Eq. (52), the initial fields a1,2j(x0) are obtained, which can

then be used as input to Eq. (45).

3. Numerical simulations
3.1. Model validation

The proposed method is validated through a comparison with an N×2D normal mode

model, which was developed to predict structural acoustic radiation in a range-independent

waveguide [28, 29]. This model incorporates the vertical source directivity into normal mode

theory by determining the modal excitation based on the grazing angle at which the corre-

sponding modal plane waves propagate. The azimuthal dependence of the source directivity

is accounted for by dividing the directivity function into slices according to the azimuthal

angle, with each slice used to weight the modal excitation in its respective range-azimuth

bearing plane [29]. Consequently, this model is implemented in cylindrical coordinates rather

than Cartesian coordinates. It is important to note that the author intended to validate the

proposed theory in an ocean environment with range dependence. However, to the author’s

knowledge, no benchmark solution currently exists for the specific problem addressed in

this article. The only available reference solution is the N×2D normal mode model, which

was derived for a range-independent waveguide. Although the benchmark case is presented

in a range-independent environment, the proposed theory’s ability to incorporate source

directivity into the 3D adiabatic mode model can still be validated.

The test scenario considered here is a sound field generated by a source with an analytical

directivity given by

D(θ, ϕ) = −i cos
(
2θ+

π

6

)[
sin

(
2θ+

π

6

)
+0.25

]
+sin

(
θ+

π

6

)
+0.55 cos

(
6θ+

π

6

)
sin

(
6θ+

π

6

)
.

(53)
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The directivity is shown in Fig. 2.

Figure 2: The source directivity considered in the simulation.

The ocean environment is modeled as a Pekeris waveguide, consisting of an iso-velocity

water column above a homogeneous seabed. The water depth is 200 m, with a sound speed

of 1500 m/s and a density of 1000 kg/m3. The bottom has a sound speed of 1750 m/s, an

attenuation of 0.4 dB/λ, and a density of 1900 kg/m3. The computational domain spans

8 km × 2 km, with the directional source located at coordinates (0 km, 1 km, 100 m).

Figure 3 provides a schematic of this simulation.

Figures 4 and 5 compare the results with the reference solution obtained from the normal

mode model [29] at 100 Hz. The results are shown in the vertical plane at y = 1 km

(corresponding to y = 0 km in cylindrical coordinates for the reference solution) and the

horizontal plane at z = 100 m. It is important to note that the reference solution is computed

in cylindrical coordinates. Despite the different coordinate systems, both solutions show

strong agreement in the two planes, particularly in terms of the overall sound pressure level

contours and energy distribution. More detailed and convincing comparisons along the lines
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Figure 3: A schematic of the simulation in a Pekeris waveguide, with a source with the directivity shown in
Fig. 2.

y = 1 km and x = 1 km are presented in Fig. 6. The excellent agreement with the reference

solution, with errors barely exceeding 1 dB, demonstrates the effectiveness of the proposed

theory in incorporating source directivity into the 3D adiabatic mode model.

Figure 4: The sound field produced by the directional source in the vertical plane y = 1 km (y = 0 km for
the reference solution) at 100 Hz: (a) the reference solution, and (b) the result calculated by the proposed
method.
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Figure 5: The sound field produced by the directional source in the horizontal plane z = 100 m at 100 Hz:
(a) the reference solution, (b) the result calculated by the proposed method.

(a) (b)

Figure 6: A detailed comparison of the sound pressure levels predicted by the reference solution and the
proposed method at 100 Hz: (a) y = 1 km and (b) x = 1 km.
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3.2. Application examples

After benchmarking the proposed theory, this section presents two application examples:

3D underwater acoustic propagation from a directional source in an ocean environment

with moving internal waves (IWs) and the prediction of underwater radiated noise from a

surface vessel in the Long Island Sound region [41]. The first example demonstrates that

the proposed theory, under the assumption of transversal symmetry, yields highly promising

results that align well with data recorded during the SWARM 95 (shallow-water acoustics in

a random medium) experiment [42], highlighting its computational efficiency for a simplified

ocean environment. The second example addresses a more realistic scenario. The mechanical

noise generated by a surface ship is modeled in detail using the FEM, while bathymetric

data from the National Oceanic and Atmospheric Administration (NOAA) [41, 43] dataset

is utilized to assess the adverse impact of shipping noise on marine fauna in the Long Island

Sound region.

3.2.1. Case 1: 3D underwater acoustic propagation from a directional source in the ocean
with moving internal waves

The first example considers the scenario of the SWARM 95 experiment, which was con-

ducted in the New Jersey continental shelf in 1995. Details of the experimental setup and

data can be found in previous studies [42, 44, 45]. Here, we summarize the experimental

setup from two perspectives: the ocean environment and the measurement configuration.

We consider the underwater environment from 19:00 to 20:00 GMT on 4 August 1995

[45]. The water column is 70 meters thick and consists of three distinct layers. The top and

bottom layers are isothermal, with thicknesses of 15 meters and 40 meters, respectively, and

corresponding sound speeds of 1530 m/s and 1480 m/s. Between these isothermal layers lies

the thermocline, a transition region where the sound speed decreases linearly with depth

from 1530 m/s at the top to 1480 m/s at the bottom. The thermocline extends from a depth

of 15 meters to 30 meters [46]. The IW train causes fluctuations in the upper and lower

boundaries of the thermocline. For simplicity, we assume a model of the IW train moving

at a constant speed of 0.65 m/s. The shape of the IW is described by M. Badiey et al.[45]:
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Figure 7: A schematic of the SWARM 95 simulation. The directional source shown in Fig. 2 is considered,
and the SWARM 95 experimental scenario is reproduced. The semi-transparent gray waves represent that
the IW, described by Eq. (54), moves along the y axis with a constant speed of 0.65 m/s.

ISW(y) = 10sech2[(y − 0.65)/70], (54)

with the wave moving in the negative y direction, as illustrated in Fig. 5. The seabed has a

density of 1800 kg/m3, a sound speed of 1750 m/s, and an attenuation of 0.4375 dB.

During the experiment, the source was positioned at a depth of 12 m, while the receiver

was deployed 15 km from the source, forming a source-receiver line with an oblique angle

of 5◦ relative to the wavefront of the IWs [45]. The receiver was located at a depth of 45 m

[46]. The computational domain for the simulation spans 15 km × 4 km × 70 m. Figure 7

provides a schematic of the simulation. The same source directivity determined by Eq. ( 53)

was used in this simulation.

Figure 8 shows snapshots of the horizontal sound field for different geotimes at a receiver

depth of 45 m. The frequency is set to 60 Hz, corresponding to a peak observed in the acous-

tic signals used during the SWARM 95 experiment [45, 46]. An uneven energy distribution

is evident, caused by both the spatial directivity of the source and sound intensity variations

modulated by the movement of IWs. At different geotimes, distinct 3D propagation effects
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Figure 8: The horizontal sound field due to the directional source at different geotimes. The source frequency
is 60 Hz. See the supplementary material SuppPub1 for a complete video demonstrating the 3D sound field
at different geotimes.

emerge. At t=4 min, horizontal defocusing is noticeable along the x-axis where the source is

positioned, creating a shadow zone around y=2 km. Simultaneously, strong interference is

observed at the hydrophone, marked by a red pentagram. This results from energy leakage

between two IW crests passing through the hydrophone. At t=6 min, a strong energy path

emerges along y=2 km as two wave crests move to either side of the source. Horizontal

ducting occurs due to horizontal refraction confined between the IW crests. Defocusing at

the hydrophone suggests that one IW crest is directly above it. Horizontal focusing reoccurs

at the hydrophone at t=10 min. These results demonstrate clear spatiotemporal variations

in the sound intensity due to 3D propagation effects modulated by IWs.

For comparison, we also present results for an omnidirectional point source in Fig. 9.
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Figure 9: The horizontal sound field due to an omnidirectional source at different geotimes. The source
frequency is 60 Hz. See the supplementary material SuppPub2 for a complete video demonstrating the 3D
sound field at different geotimes.

Unlike in the directional source case, the uneven energy distribution here is solely due to

IW modulation. While similar 3D propagation effects are observed at various stages, the

magnitude of the energy fluctuations differs, as the energy distributions in the horizontal

plane vary between different sources. Directional radiation locally enhances or diminishes

the 3D propagation effects, as these effects depend on the horizontal grazing angle of the

incident wave energy. When the directional radiation directs significant energy toward those

horizontal angles at which the 3D effect is triggered, the 3D propagation is amplified, and

vice versa.

To illustrate this in detail, Fig. 10 compares the normalized sound pressure amplitude

recorded between 19:30 and 20:00 GMT. When the source is directional, enhanced ducting
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Figure 10: A comparison with the normalized sound pressure amplitude recorded between 19:30 and 20:00
GMT during SWARM 95. The cyan triangles represent the experimental data, and the solid black line
and the dashed red line are the predictions of the proposed method using omnidirectional and directional
sources, respectively.

is observed at 5 minutes, while horizontal defocusing becomes apparent at 7 minutes. In

the directional case, a distinct radiation lobe forms along the line connecting the source

and receiver. On either side of this lobe are destructive regions with minimal radiation,

allowing any 3D propagation effects originating from this region to be neglected. However,

in the omnidirectional case, the uniform radiation from the source compensates for the

destructive region, potentially increasing the energy of the horizontal refraction produced

by this region. This contributes to the received field at the hydrophone. As a result, the

horizontal defocusing observed at 6 minutes is enhanced by the directional source. Despite

the differences between the omnidirectional and directional cases, which arise from different

modal excitations, both cases exhibit a notable similarity resulting from periodic signal

peaks and troughs align with the source position within internal wave ducts. To prove that,

the experimental results recorded at the hydrophone are provided by M. Badiey et al.[45].
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Notably, these results are the snap shots instead of the entire time-domain signal. The

predicted time variation and magnitude of the received sound pressure fluctuations show a

qualitative agreement with the experimental field data.

3.2.2. Case 2: Underwater radiated noise from a surface vessel in the shallow water envi-
ronment of Long Island Sound

The second example presented here involves the modeling of 3D underwater radiated

noise from a surface vessel in the shallow waters of Long Island Sound, located off the eastern

coast of the United States. Bathymetric data were obtained from the NOAA dataset [43].

Specifically, as shown in Fig. 11, a local topographic section was extracted for the simulation,

spanning from 41.23 ◦N to 41.21 ◦N in latitude and from 72.1 ◦W to 72 ◦W in longitude,

covering an area of 8.33 km by 2.36 km. The vessel’s horizontal position was set as (0 m,

1.13 km).

(a) (b)

Figure 11: (a) The topography used in the simulation, covering an area of 8.33 km by 2.36 km. The area
spans from 41.23 ◦N to 41.21 ◦N in latitude and from 72.1 ◦W to 72 ◦W in longitude. (b) The sound speed
profile used in the simulation.

A weak negative sound speed profile, as observed by T. C. Oliveira et al.[41], was assumed

in the water column, with a gradient of −0.0556 m/s2. The sound speed at the surface

(z = 0 m) was 1520 m/s, and the water density was set to 1000 kg/m3. The sandy sediment

was modeled with a sound speed of 1700 m/s, a density of 1500 kg/m3, and an attenuation

of 0.5 dB/λ.

The underwater radiated noise considered in this study originated solely from mechanical
28



noise produced by the hull’s vibration, driven by a point force. The hull model, extracted

from the COMSOL Application Gallery, had a length of 36 m and a beam width of 6 m,

as shown in Fig. 12(a). FE modeling was performed to simulate the mechanical noise. The

FE simulation setup is depicted in Fig. 12(b)–12(c). A solid-acoustic interaction model

was developed, with the ship hull represented by solid mechanics and the surrounding water

domain governed by pressure acoustics. An acoustic-solid coupling condition was imposed at

the hull-water interface to simulate the vibro-acoustic behavior. The point force was applied

at the junction where the propeller penetrates the hull, as shown in Fig. 12(b). The water

domain was modeled as a half-space beneath a pressure-release boundary, represented by a

hemisphere, with the outer layer treated as a PML. The water domain meshing followed the

rule of 1/6 of the wavelength for accuracy, while the solid domain required ten times denser

meshing to capture detailed vibro-acoustic behavior [11, 47]. A 10-layer sweep meshing was

used for the PML. Additionally, to reduce computational costs, only the left half of the FE

model was implemented, utilizing a symmetry condition along the x = 0 plane, as shown in

Fig. 12(c).

Using the established FE model, Fig. 13 shows the near-field and far-field computations

of the simulated mechanical noise at 200 Hz. The far-field results were obtained using

the built-in far-field calculation feature in COMSOL. The inner boundary of the PML was

set according to the far-field calculation condition, with the integral extending to r → ∞.

Apparent directional radiation patterns are observed in both the near-field and far-field

results. In the far field, the radiation is essentially a function of the observation angles,

denoted as D(θ, φ) in Eq. (30). It should be noted that the direct result from the far-field

computation needs to be corrected to compensate for the so-called Lloyd mirror (LM) effect.

One of the most convenient ways to recover the free-field radiation of the vessel is to divide

the direct far-field result by the far-field expression for the LM pattern [48]:

Dfree(θ, φ) ≈
D(θ, φ)

sin[kds sinφ]
, (55)

where ds is the draft depth.
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Figure 12: (a) A schematic of the finite element model used to obtain the far-field radiation from a vibrating
vessel hull. (b) The detailed meshing used in the region near the hull. (c) The configuration of the semi-half
domain where the shell and water domains are coupled together.

The far-field computation, corrected by Eq. (55), serves as the input for the reduced-order

adiabatic mode model, facilitating the coupling of directional 3D underwater radiated noise

with a 3D underwater environment. In the fully 3D simulation, the transverse eigenfunctions

of the vertical modal coefficients are coupled through the DtN operator, which represents the

radiation condition along the propagation direction. Once computed, the DtN operator can

be stored locally and reused when the source term changes. Equations (28) and (33) together

define the initial modal amplitude (or initial field) for the DtN operator, enabling a marching

process for propagating the sound field that is significantly faster than assembling the DtN

operator itself. This approach is particularly valuable for evaluating different sources in the

same underwater environment or the same radiator at varying azimuth angles.

Figure 14 illustrates the 3D sound field generated by a vessel traveling at an oblique angle

of 45◦ with respect to the x = 0 m axis at 200 Hz. It showcases a pronounced directional
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(a)
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Figure 13: Acoustics radiation from the vessel hull vibrating at 200 Hz, with the far-field results predicted
using the far-field calculation module in the COMSOL software. Panels (a) and (b) show the near-field
radiation and the dipole-like, far-field radiation, respectively. Panels (c) and (d) show the far-field pattern
from the side and top views, respectively.

radiation pattern caused by the vessel hull being driven by a point force. The radiation

pattern exhibits strong intensity in the stern direction, as well as a “butterfly-like” beam

emitted from the vessel’s sides. Significant transmission losses are attributed to the vessel’s

shallow source depth. In the region where y < 1 km and 2 km < x < 6 km, a seamount-

like topography obstructs propagation along the x-axis, resulting in noticeable horizontal

scattering. Consequently, only a small amount of energy is transmitted through this region,

as evidenced at a depth of 20 m.

Figure 15 illustrates the 3D sound field generated by the vibrating vessel at z = 30 m with

different orientation angles. The stern direction is defined as θ = 0◦ and the bow direction

as θ = 180◦. As the vessel’s orientation changes, distinct radiation patterns emerge in both

the near and far fields. Radiation from the ship’s stern transmits significant energy through

the seamount region where y < 1 km and 2 km < x < 6 km. When the orientation angle
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Figure 14: The 3D sound field produced by the vibrating vessel sailing at an oblique angle of 45◦ to the
x = 0 m axis at 200 Hz, with receiver depths of (a) z = 2 m, (b) z = 20 m, and (c) z = 40 m. See the
supplementary material SuppPub3 for a complete video demonstrating the 3D sound field with different
source orientations, with the yellow surface, near y = 1 km and x = 4 km, represents the topography.

reaches 90◦, a pronounced shadow zone appears along y = 1 km, caused by the trough of

the radiation. A complete video demonstrating the 3D sound field generated by the ship at

varying orientations is provided in the supplementary material.

4. Conclusions

In this article, we have derived a semi-analytical solution for 3D underwater acoustic

propagation from a directional source within the framework of adiabatic normal modes.

The derivation is based on the double-summation expression for the 3D sound field. The
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Figure 15: The 3D sound field generated by the vibrating vessel at z = 30 m with different orientation
angles. The results are given for vessel orientations of (a) θ = 0◦, (b) θ = 20◦, and (c) θ = 90◦. See the
supplementary material SuppPub3 for a complete video demonstrating the 3D sound field with different
source orientations, with the yellow surface, near y = 1 km and x = 4 km, represents the topography.

Fraunhofer far-field approximation and two Taylor series expansions are used to simplify the

source-strength integral representing directional radiation from a complex source. Two key

assumptions are made: the depth derivative of the vertical wavenumber, kzj, and the hori-

zontal derivative of the wavenumber with respect to y, knyj, are neglected. These assumptions

are valid when the variations in the depth-dependent sound speed and the local topogra-

phy where the source is imposed are small — conditions typically met in most practical

scenarios [29].
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The derived solution was validated through comparisons with an approach for predicting

3D structural acoustic radiation in range-independent waveguides. Two additional examples

demonstrated the solution’s effectiveness in addressing complex engineering problems. The

results underscore the potential of this method for assessing the impact of shipping noise

on marine fauna. Future work will incorporate modal interactions to further enhance the

model’s applicability.

Supplementary Material

See supplementary material at [URL will be inserted by publisher] for [See the sup-

plementary material SuppPub1 for a complete video demonstrating the 3D sound field at

different geotimes.]

See supplementary material at [URL will be inserted by publisher] for [See the sup-

plementary material SuppPub2 for a complete video demonstrating the 3D sound field at

different geotimes]

See supplementary material at [URL will be inserted by publisher] for [See the supple-

mentary material SuppPub3 for a complete video demonstrating the 3D sound field with

different source orientations, with the yellow surface, near y = 1 km and x = 4 km, repre-

sents the topography.]
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